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1 OO6mue cBeaeHUs

1.1 Pabounii dbopmar JIII-3amaun

B paccmarpupaemoil peanmsanpn UCIOIL3YeTCA TaK HA3bIBACMBI pabovuli
opmam 3amaun muHeitHOrO porpaMmuposanus (JIIT-3amaun):

z=cl'z +cy— min (1.1)
Az =1b (1.2)
<z <u (1.3)

rae * = (ry) — BEKTODP IEPEMEHHBIX, 2z — IleJjeBas yHKIusA, ¢ = (cg) —
BEKTOP KO3 PUIMEHTOB IeIeBOi (DYHKINHU, ¢y — HOCTOSTHHBIN WJIeH IeJIeBOM
dbyukuun, A = (a;,) — marpuna koaddurentos orpanuyenuii, b = (b;) —
BEKTOD HPaBbIX vacreil orpanndennii, | = (l) — BEKTOp HUXKHUX T'DAHUIL
HepeMeHHbIX, U = (U) — BEKTODP BEPXHUX I'DAHUIL IIEPEMEHHBIX.

Eciin HuokHsist (BepxHsisl) MPAHUIA IEPEMEHHOIl T) 0TCyTCTBYyeT, TO (hop-
MaJbHO cuuTaercs, 910 lp = —oo (up = +o0). Ilepemennasi, y KoTOpOii
OTCYTCTBYIOT 00€ I'DAHUIIbI, HA3bIBAETCS 8000010t (Heozparuyernoti) nepe-
Mmennot. Ecmu l, = uy, To mepeMeHHast T) CUUTAETCS GUKCUPOSAHHOT.

B nasnbreiinem mpeoaraeTcst, 9To IUCI0 TEPEMEHHBIX PABHO 7, & TUC-
JI0 orpanmdeHuii-paseHcTs (1.2) paBHO m, mosTtomy Marpuna A mmeer m
CTPOK ® 711 CTOJIOTOB. Tak»Ke Ipejo/iaraeTcs, YTo 9Ta, MATPHUIA UMEET T0JI-
HBI cTpounbiit panr rank(A) = m, 1. e. uTo Bce cTpoku A JmHeiiHo He3aBu-
CHUMBI, OTKY/a, B YACTHOCTHU, CJEHYET, IT0 m < 1.

1.2 bBasucHble pelieHus:

[Tpu pemenun JIII-3ama9u cCUMILIEKC-METOIOM CPEIU BCEBO3MOXKHBIX JOILY-
CTUMBIX PEIIeHnuil, T. €. TOYeK, YIOBIETBOPAIOMINX BCEM OIPDAHUIEHUSM, OCO-
OyI0 pOJIb UTPAIOT TaK HA3bIBAEMbIE 0a3UCHbIE PeuleHUsA. | eOMeTpUIecKn 10-
IIyCTHUMBbIe Oa3UCHBIE PEIIEHU COOTBETCTBYIOT BEPIINHAM (KPAHIM TOUKaM)
BBIITYKJIOTO MHOTOTPAHHOTO MHOYKecTBa! jomycTumbix Touex JITI-3a1aun, rie
KaKJasl BEPIINHA ONpPEeJe/IseTCsl KaK TOYKa IepecedeHnsl rpaHeil (rumep-
ILJIOCKOCTEiT), COOTBETCTBYIONMUX AKTUBHLIM? JTMHEHHO HE3ABUCHMBIM OTDa-
HIIEHUAM.

Tax xak jurs JIII-3amaan (1.1)—(1.3) npe/mosaraeTcst, 9To BCe OrpaHU-
vyenusi (1.2) smHeiiHo He3aBMCHMBI (MaTpuia A MMeeT IOJHBI CTPOYHbIIH
paHr), TO, SIBJISISICH PABEHCTBAMHU, BCE 9TH OrPaHNIEHHs Oy/LyT aKTUBHBI B
moboM GazucHoM pemternn. Cie/[0BaTeNIbHO, JJIsi OJJHO3ZHAYHOIO OIIpejesie-
HUSA 0a3MCHOTrO PelIcHNs KaK TOYKH B 1I-MEPHOM IIPOCTPAHCTBE IePEeMEHHBIX

'Bcim 5T0 MHO>KECTBO OrpaHIYeHO, TO OHO IIPEJCTABIISIET COBOM BBITYKJIbIil MHOTOIDaH-
HUK.

2B mamnoM ciydae 60iee IPABAIBHBIM GbIIO Obl HA3BIBATD 9TU OIPAHUYCHANA COA3LEA-
OWUMU.



x = (x) K m orpannueHnsM-pasercTBaM (1.2) He0OX0OUMO J06ABHUTD elrle
N — M aKTUBHBIX OPAHUYEHUI U3 THC/Ia IPAHUI] HepeMeHHbIX (1.3).

[Iepemennble, IrpaHUIIBI KOTOPBIX SIBJSIIOTCS AKTUBHBIMU ONDAHUYEHUSIMU
B 6A3MCHOM DEIIEeHNY, HA3BIBAIOTC HEOA3UCHbIM (HE3ABUCUMbLMU) Nepemet-
Howmy. OcTajbHble IlepeMeHHble ¢ HeaKTUBHBIMHU I'DAHUIAMU HAa3bIBAIOTCS
bazuchvmu (3asucumovimu) nepementoimu. TI0CKOIbKY HUMKHSIS U BEPXHssI
IPAaHUIILl HEGAZMCHOM TIePEMEHHOM He MOy T GBIThH AKTHBHEI OHOBPEMEHHO,>
TO B JIFOOOM 0A3MCHOM pEIeHNu Bceraa OyneT n — m HeDas3uCHBIX U m Oa-
3UCHBIX [TEPEMEHHBIX.

Takum obpaszom, 6azucHoe perenne JIIT-3amaun (1.1)—(1.3) omnozHau-
HO OIIPEJIeIEHO, €CJIU yKa3aHOo, KaKHe IePEMEHHbIE SIBJIAIOTCA 0a3UCHBIMU,
a Kakue HeDA3UCHBIME, U JIJIs KayKJ0i HeOA3MCHON MepeMEeHHON, UMEIOIei
06e (HIZKHIOIO U BEPXHIOIO) MPAHUIIBI, TAKXKE YKA3aHO KaKasi UMEHHO U3 TUX
rpanutl akTuBHa. [Ipu 3TOM TpebyeTcst, 9T0OBI BCe . aKTUBHBIX OTPAHUICHUI
OBLIN JIMHEHHO HE3ABUCUMDBIM.

[Tepeiiiem k asredbpanmdeckoMy ONnuCaHUIO Oa3ucHbIX pernenuii. [lycrs

Hx—<$B>,Hc—<CB>,Hl—<lB>,Hu—<uB>, (1.4)
TN CN IN un

rie IT — noxxozsimast nmepecraHoBouHasi Marpuiia, £ = [(zg);] — BEKTOD
6a3nCHBIX II€PEeMEHHbIX, TN = [(ZN);j] — BeKTOp HeOA3HCHBIX IEPEMEHHBIX,
cg = [(cB)i) m en = [(en);] — BekTOPBI KO3 bUIIEHTOB TIe/IeBO DYHK-

mu, g = [(Ig):] u Iy = [(In);] — BexTOpBI HIZKHUX Tpanul, up = [(up)i]
u uy = [(un);] — BEKTOPBI BEPXHHX I'DAHUII, COOTBETCTBEHHO, OA3MCHBIX
u HeGasucHbIX nepeMenHbix. Coornomenue (1.4) MO3BOJSIET HPEICTABUTH
orpanuuenus-pasencTsa (1.2) B cienyoneM SKBUBAJCHTHOM BH/IE:

ATz = b & (B|N)<§B>:b & Brgp+Nazy=0b, (1.5)
N

e
(B|N) = All". (1.6)

3necy B — KBajipaTHasi MaTPUILA [TOPSIAKA 1M, HA3bIBAEMass 0a3UuUCHOT MaM-
puyet (MM MpoCcTo 6a3ucom). DTa MaTPUIA COCTABICHA U3 CTOJIOIOB UCXO/I-
HO#l MaTpuilkl KO3(hMUINEHTOB OrpaHUdIeHnit A, COOTBETCTBYOMNX Oasuc-
HBIM TepeMeHHbIM. MaTpuria N uMeeT m CTPOK U 1.—m CTOJIOTOB, KOTOPBIMI
SIBJITFOTCSL CTOJIONBI A, COOTBETCTBYOIIME HEOA3UCHBIM TIEPEMEHHBIM.

IIycte f = (fj) — BeKTOp AKTHBHBIX I'DAHHI] HeOA3UCHBIX II€pEMEH-
ueix, T. €. fj = (Iv); wim f; = (un);. Torma GasucHoe perenne ompeie-
JISIETCsT CIeYIONIEH CHCTeMOl N ypaBHEHMIA, COCTABIEHHON U3 1M AKTUBHBIX

3Cnyqal71 (DUKCHPOBAHHON TEPEMEHHOI, T. €. KOTJa I = Uk, MOYXKHO PACCMATPUBATDH KaK
NIPeJIeJIBHBIIN CIIy4ail JBYCTOPOHHEro orpanndeHus lp — € < xx < up + € npu € — 0.



orpannvenuii-paseHcTs (1.2) B dpopme (1.5) 1 n—m akTUBHBIX rpaHuI] Heba-
SUCHBIX IT€PEMEHHBIX:

(1.7)

{ Brg+Nzy =0
zy = f

Tak Kak BCe aKTUBHBIE OIPDAHUYEHUS IPEIONIATAIOTCS JIMHEHHO HE3aBUCH-
MBIMHU, TO Marpura cucreMbl (1.7) HEBBIDOXKJIEHHAsI, OTKY/a CJIE/YeT, UTO
OasucHass MaTpuia B Tak»Ke HEBLIPOXKICHHAsS. DTO MO3BOJIAET Pa3PElIUTh
cucremy orpanndenuii-paseHcts (1.2) B dpopme (1.5) ornocurensHo Gasuc-
HBIX IIEPEMEHHBIX, YTOOBI IBHO BHIPA3UTH NX Yepe3 HebasuCHbIe IIepeMeHHbIe:

tg=—-B 'Nay+B ' & zp=ZEzy+g, (1.8)

rae
==-B7!N, (1.9)
g=B""b. (1.10)

Buech = = (&) — m X (n—m)-MaTpuIia, Ha3bIBAEMAS CUMNACKC-MAbAUYET,
g = (¢i) — M-BEKTOD, HA3BIBAEMBIN NPEOOPAZOBANHBIM GEKMOPOM NPAGHIL
yacmet; 02paHuveHus.

Omnpegenenus (1.9) n (1.10) ¢ yuerom coornomenus (1.4) mossosstior
3anucarb 6a3nUCHOE pellleHre Kak perieHne cucreMsl (1.7):

x:HT(i§>:HT</;), (1.11)

B=(Bi)=—-B Nf+B'b=2f+g (1.12)

€CTh M-BEKTOP 3HAYEHUI OA3UCHBIX [TEPEMEHHBIX B 0A3MCHOM pEIIeHUH.

rae

ITpumenarue. MoxKeT CayduThes, 9T0 HeGA3UCHON ABJISAeTCsS CBOOOIHAS
nepemennas® (zx); = Tk, y KOTOPOit OTCYTCTBYIOT 06e HUKHsAsS U BEPXHedA
rpanunpl (I = —oo u up = +00). Torma Mbr MokeM hopMaIbHO paccMaT-
pUBATH TaKyIO IIEPEMEHHYIO KaK CyMMY JBYX IIEPEMEHHBIX Ty = X} + T}, TJe
x) > 0 (HeorpunaresnbHas mepeMennas), xj < 0 (HemosoKuTeIbHAS MEpe-
Mennas). Ilepementbie @) # &, He MOTYT GbITH GA3HCHBIME OHOBPEMEHHO,
Tak KaK B IPOTHBHOM Cjydae B OasucHoil marpuiie B Obumm Obl 1Ba OmmHA-
KOBBIX, a 3HAYHT, JUHEIHO 3aBUCUMBIX CTOJIONA. 1103TOMY, €ciu Xy, ABJISeTCs
6a3uCHOl U ee TeKylllee 3HAUYEHUE HEOTPUIATETHHO (HEIOJOXKHUTEIBHO), TO
9TO SKBHUBAJEHTHO TOMY, 9TO GA3MCHOMN sIBJIAETCS lepeMeHHast &), (COOTBET-
CTBEHHO, T},), & IepeMeHHas1 &), (COOTBETCTBEHHO, ), ) ABJISAETCs HeOASUCHOM I
[OSTOMY HAXOJIUTCS Ha CBOell akTUBHOI HyseBoil rpanutne. CiiegoBarenHo,
€CIIN T ABJIAETCA HEDA3UCHOI, TO 3TO SKBUBAJIEHTHO TOMY, UTO 00€ IIepe-
MeHHBIE T}, ¥ ¥}, HeOasuCHbIe, a 3HAYNT, (GPOPMABLHO MOXKHO CIATATH, 9TO B

4TakyIo nepeMenHyI0 GoJlee IPABIIILHO GO GBI HA3BIBATE CYNEPOA3UCHOT IO AHATIOTHH
¢ CynepOa3UCHBIMH [IEDEMEHHBIMH B 3aJ[a4aX C HeJIMHEWHOMN IesieBoil byHKIMEN.



9TOM CJly4ae 3HadYeHUe IePeMeHHOl (T ); = 2 B 6a3UCHOM DEIeHHN PABHO
HYJIFO, KaK ecJIi OBl 9Ta [epeMeHHasT UMeJia AaKTUBHYIO HYJIEBYIO TDAHUILY.

BasuchHoe perenne siBasieTcst JTOIMYyCTUMBIM, €CJIM 3HAYEHHS BCEX IE€pe-
MEHHBIX VIOBJIETBOPAIOT BceM orpanutdenusm JIII-3agaan. Tak kak cooTHO-
menne (1.8) 9KBUBaJIEHTHO MCXOHOI cHCTeMe orpaHndeHuii-paencTs (1.2),
TO J1I000€ 0A3MCHOE PEeIleHNe IO OIPEIACIECHUIO YIOBIETBOPIET STUM OTPAHU-
qenusM. Kpome Toro, 3HaueHns HeOA3UCHBIX IIePEMEHHBIX B JTI000M 0a3MCHOM
PellleHNH COBIIAJAI0T € UX TPAHUIAME, [O3TOMY HapyiieHue rpanut, (1.3)
BO3MOXKHO TOJIBKO JJIsT OA3HCHBIX ITepeMeHHBIX. Takum obpaszoM, GasmcHoe
pelieHue (1.11) SIBJISIETCsI JIONYCTUMBIM TOJIbKO ecn g < B < up, T. e. ecu
3HaYeHUs BCeX 0A3UCHBIX IEPEMEHHBIX HAXOIATCS BHYTPU COOTBETCTBYIONINX
IpaHUIL.

Besikoe HeomycTrMoe 6a3ucHOe pelleHre XapaKTepu3yeTcs: TeM, ITO XO-
Ts1 OBbI O/1HA 6a3UCHAS ITEpEMEHHAs B 9TOM PEIIeHUN HAPYIIAeT CBOIO HUYKHIOIO
NI BEPXHIOIO T'PAHUILY. FeOMeTpI/ILIeCKI/I HEJIO0IIyCTUMbIE 6a3I/ICHbIe pernienunda
TaKKe [MPEJICTABIISIIOT cO00T TOUKY IepecedeHnst rpaHeii (MumepIiockocreii),
COOTBETCTBYIONINX aKTUBHBIM JIMHEITHO HEe3aBUCUMbBIM OorpaHMYeHUudAM, OJHa-
KO 9TH TOYKHN JIE’KAT BHE BBIIMYKJIOTO MHOTOI'PDAHHOIO MHOYKECTBA JIOITYCTH-
MbIxX perennii JITI-3amaxn.

1.3 CumMniaekc-MeTo[,

CuMILIeKc-MeTo 1 — 9TO YUCIeHHbIH MeTos, pemrenus JII1-3a1at1, pazpaboramn-
moiit JIxx. danmurom (G. B. Dantzig) B 1947 1.5

C reoMeTpuvIecKOl TOUKM 3peHHUs 00Iast Uest CUMILIEKC-METOa J0CTa-
TOYHO IIPOCTA U 3aKJII0YAETCs B CeyomneM. [1peImosoKum, 910 Mbl HAX0-
JUMCSI B HEKOTOPO# BepIIUHE MHOTOIPAHHOTO MHOXKECTBA JOIMYCTUMBIX Pe-
mennii JII1-3amaqn. 13 9ol BepIIMHBI UCXOAAT pebpa, BEAYIINE B CMENCHDLE
BepIiuHbl. Kciu aBmKkeHne BIOJIb KaKOro-iubo pedpa NPUBOAUT K YJIyHIIIe-
HUIO I1eJIeBOH (DYHKIIUN, TO MBI IIEPEXOINM B COOTBETCTBYIOIILYIO CMEXKHYIO
BEpIUHY C JIYYIIUM 3HAYeHHeM IeJIeBOM (PYHKIIUU, TTOCIEe Tero MOBTOPSEM
BCe CHaYaJja JI0 TE€X IIOP, IOKa 9TO BO3MOXKHO. IIOCKOIbKY WHCI0 BEpIITUH
MHOT'OIPAHHOI'O MHOXKECTBa, C KOHEUHBIM UHCJIOM I'DaHell KOHETHO, TO TOCJIe
BBITIOJTHEHNsT KOHeYHOro® 4mciia 1maroB Mbl IPHJEM B BEPIINHY, U3 KOTO-
POl Iepexo B CMEXKHYIO BEPIIUHY C JIyUIIUM 3HAUYEHUEM TIeJIEBON (DYHKITUN
HeBO3MOXKeH. Bepmmaa, 00j1agaomas yKa3aHHbIM CBOMCTBOM, OYIeT OITH-
MaJIbHBIM perrerueM JITI-3amaqam.

Paccymorpum anrebpamdeckoe onmcanne CUMILIEKC-METO/1a TPUMEHUTE b
Ho Kk JIII-3ayiaue B dpopmare (1.1)—(1.3).

[Tycrb y Hac umeercs gonycrumoe Gasuchoe pertenne (1.11), coorser-
CTBYIOIIIee TEKYIEeil BepIINHE MHOIOTPAHHOI'O MHOXKECTBA, JIOIIYCTUMBIX pe-

®BrepBble CHMILIEKC-MeToT 6BLT omy6mikoBan B pabote [1]. Cum. Takuxe [2].
IIpu ycoBun, 9TO NPHHATH HEOGXOMMBIE MEDHI, PE/IOTBPAIIAIONIIE 3AIHKIMBAHNE,
KOTOpPOE BO3MOKHO, €CJIM UMEIOTCH KPAaTHbIE (COBIAJAOIMeE) BEPIINHBL.



mennii. JIBuzkenue Bjiosib pebpa 110 HAIPABJICHUIO K CMEXKHOI BepINUHE Xa-
PAKTEPHU3YETCA TEM, UTO KaKOe-Tu60 OJHO AKTUBHOE OTPAHUIeHUE [IEPECTALT
ObITH AKTUBHBIM, B TO BPEMSI KaK OCTaJbHbIe AKTUBHBIE OIPAHUYEHUsT OCTa-
10TCsl akTUBHBIME. Tak Kak orpaHuveHusi-paBeHcTBa (1.2) aKTHBHBI B JIIO-
60M Oa3MCHBIM PEIEeHUH, TO YKA3aHHBIM OIPAHUYEHUEM MOXKET ObITh TOJBLKO
orpannvenue Buga (1.3), T. e. akTUBHAasl rpaHUIA KAKOW-mb0 HEGA3UCHOI
nepemenHoii (zy);. Takum ob6pasoM, IBHKeHHE BIOJIb pebpa O3HAYAET, UTO
COOTBETCTBYIOIAsi 3TOMY pebpy HebasucHasi IepeMeHHasi HAYUHAeT WU3Me-
HSTBCS B JIOIYCTHMOM HAIIPABJIEHUN: YBEJIUIUBATHCS, €CJI aKTHBHOI ObLIa
ee HIIKHSAS IPaHUIla, WA YMEHBIIAThCs, €CJIU aKTUBHON OblIa ee BepXHssl
IPaHUIIA.

IIpeamomnoxkum, 4ro HeOA3UCHAs HepeMeHHas (T ); U3MEHSeTCS B JI0-
IycTUMOM Hanpasijenuu. B coorsercrsun ¢ (1.8) 910 npuseger K usMeHe-
HUIO GA3UCHBIX IIEPEMEHHBIX, & TakzKe IeseBoi (byHKIun. UToObl ONEHUTH
cyMMapHoe u3MeHeHue Ieseoit dbyukimu (1.1), obycioBieHoe u3MeHeHneM
HeOA3MCHON 1 GA3UCHBIX [IEPEMEHHDIX, 3alliIIeM ee B CJIeJlyIOeM BUJIE, UC-
1oJb3yst coorHomtenne (1.4):

T
2=z + ¢ = (CB > <$B ) +co = chB + C%x]\/ +co, (1.13)
CN TN

nocyie dero nojcrasuM B (1.13) Beipaxkenue mist xp u3 (1.8). B pesynbrare
IIOJTyIHM:

z=c5(-B 'Nay + B71b) + chay +co =

= (& —cEB 'N)ay +cEB b+ ¢o =

(1.14)
= (CN — NTB_TCB)TJJN + (B_TCB)Tb +co =
= deN + dp,
riue
d:CN—i-ETCB:CN—NTﬂ', (1.15)
=B Tep, (1.16)
do = 7Tb + cp. (1.17)

Baeck d = (dj) — BEKTOp TaK HA3BIBAEMBIX OMHOCUMEADHBIT OUEHOK Heba-
sucnulT nepementviz,’ TIe OTHOCHTEbHAS ONeHKa dj TIOKa3bIBAeT CyMMAap-
HOe (T. €. IPsIMOe U KOCBEHHOE Uepe3 OA3MCHbIe [IepeMeHHble) BIIiAHne Heba-
3UCHOI IepeMeHHOM (2 ); Ha IeseByI0 QYHKIIUIO IIPU YCIOBUU, YTO OCTATIb-
Hble HeOA3NCHBIE IepeMeHHble He H3MeHsIoTCs. Bektop 7 = (m;) — 910

7]KOMI'[OHGHTI)I BEKTOpa d CyTb 3Ha4YeHUsA MHOXKUTEJEH .HarpaH}Ka JJId aKTUBHBIX I'Da-
HUIL HeOA3UCHBIX IIepeMEeHHbIX.



BEKTODP TaK HA3BIBAEMBIX OUEHOK NPasuix wacmel ozpanuverud (MM cum-
NAEKCHBIT MHodcumenet),® Tie oTeHKa MPaBoil YacTH ; TOKA3LIBACT BJIH-
HHe M3MEHEHMS IPaBOil 9acTH ¢-I0 orpaHudeHus b; Ha IeJIeBYI0 QYHKIIHIO.
CkaJispHasi BeJIMInHa dj €CTh IIOCTOSHHBINA YJIeH IIPeodpa30BaHHOI 1e1eBOoit
dbyukunun (1.14).

B ciayuae mMuHuMuM3anuu IBMKEHHE BIOJbL BLIOPAHHOTO pedpa JI0XKHO
MIPUBOJUTL K YMEHBIIEHHIO 1ejieBoit pyHKIun. Tak Kak BeIOOp pebpa cooT-
BETCTBYET BLIOODY HEOA3UCHON MEPEMEHHONM, 9TO 03HAYAET, UTO MbI MOYKEM
BBIOpaTH JTI0OYI0 HEOA3WCHYIO MEPEMEHHYIO C aKTUBHONW HUXKHEH TpaHuIei,
OTHOCUTEIbHAS OIIEHKA KOTOPOI OTpHUIATE/IbHA, UK JIIOOYI0 HEOA3UCHYO I1e-
PEMEHHYIO C aKTUBHOI BepXHel I'paHulleil, OTHOCATE/IbHAas OIlCHKa KOTOPOU
[TOJIOZKUTE/IbHA, ITOCKOJIBKY H3MEHEHHE TaKOi IepeMEHHOH B JIOILyCTHMOM
HaIlpaBJICHUHU JACT yMeHbIeHue 1ejieBoit dynknuu. B ciydae cBoOOmHOIM
HeDA3MCHOI MEPEMEHHON JI0CTATOYHO, 9TOOBI €6 OTHOCUTEIbHAs OIeHKa Obl-
Jla, HeHyJIeBOH, TaK KakK CBODO/IHAS ITepeMEeHHAas MOXKET U3MEHATHCS B JIIOOOM
HalpaBJieHnH. Ecan npu 9ToM He HaiigeTcss Hu OIHOM moaxomsieil nebasuc-
HOIl TIEpEMEHHOM, TO TeKyIlee OAa3MCHOE PEIIEHUE COOTBETCTBYET MUHUMYMY
1esieBoit pyHKIuM (SIBJISIeTCs ONTUMAIBHBIM). 3aMEeTHM, 9TO OOBITHO HMe-
€TCdA HECKOJIBKO ITOAXOAAINX He6aBI/ICHbIX IIEepEMEHHBIX, IIO3TOMY BO3HHUKaET
mpobiieMa BbIOOpa HamboJee MOAXOIsIel HeOa3UCHON TepeMeHHOM.

Homycrum, 4ro BbOpaHa IOAXOANAsl HeOa3UCHAs lepeMenHast (TN )y U
9Ta MepeMeHHasl HAIMHAET M3MEHSIThCS B JIOMYyCTHMOM HAIPABJICHHU (BO3-
pacrarb Wi yObIBaTh), IPH 9TOM OCTAJbHbIE HEOA3UCHBIE IEPEMEHHBIE OCTa~
I0TCSI Ha CBOMX aKTHBHBIX Ipanunax. Torma B coorsercrsun ¢ (1.8) HaunyT
M3MEHSIThbCA Oa3uCHbIE IepeMeHHbIe £p. 1aK Kak Tekylnee 0a3MCHOe pelre-
HEE [PEJIIoJaraeTcsi JOIyCTUMbIM, TO B HAYaJIbHbIH MOMEHT, Korja (z N)q
HaxXOIUTCsl Ha CBOEHl aKTHUBHON I'paHuUIlle, Bce Ga3UCHbIE IepeMeHHble OYIyT
HaXOAUThCA BHYTPHU CBOUX Ipanutl. [IoHATHO, ITO ecjiu B mpoliecce n3MeHe-
Hust (2)q HeKoTOpasi GasucHas IepeMeHHast (T ), HePBOil JOCTUTHET CBOEl
(mppKHelt uM BepxHeit) rpanunel, mbo cama HebazucHasi HepeMenHast (T )q
IIEPBO# JIOCTUTHET CBOEH IPOTUBOIIOJIOKHONW T'PAHUIIBI, TO ITO OYIeT O3Ha-
9aTh, YTO MBI JOCTHIVIH CMEKHOII BEpIIHUHBI 1 Ja/IbHeliiee u3MeHenue (),
B TOM K€ HAIIPABJIEHUN HEBO3MOXKHO, TaK KaK 9TO IPUBEJET K HAPYIIEHUIO
IPaHUIBl COOTBETCTBYIOIIEH ITEPEMEHHO, a 3HAYUT, K BBIXOMLY 38 IIpeIesibl
JAOIIYCTUMOI'O MHOXKECTBa.

Yrob6bl HallTH IEpPEeMEHHYIO, OIPEIEJIAONIYI0 CMEXKHOEe OA3MCHOE pele-
HUEe, ITOJIO2KHUM

(xN)g = fq+ 0, (1.18)

rae fy — aKTuBHAs IpaHUIA HEGA3MCHOI HepeMeHHOIl (N )g B TeKyIeM Oa-
3UCHOM pelnennn, s = —sign dy (s = +1, eczm dy < 0, 1. e. (zN), BO3pac-
Taer, wian § = —1, ecsim dy > 0, 1. e. (xn), yObiBaer), > 0 — crajsipHbLA

8 KOMIOHEHTBI BEKTODA T CyTh 3HAMEHHsS MHOXKHTENe# JIarpamka Jist OrpaHITeHmii-
pasencrs (1.2).
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napaMerp Jiyda, KOTOPbIil HCXOIUT U3 TeKYIIeil BePIIUHbI U HAIIPABJIEHHE KO-
TOPOTO COBNAJIAET C HAIPABJICHUEM pebpa, COOTBETCTBYIOMIETO MePEeMEeHHO
(xN)q. BaMernM, UTO yBesdeHne apaMeTpa  HaunHasi C HyJlst COOTBETCTBY-
eT U3MeHeHnIo (I ), B JOIMyCTHMOM HAIIPABJIEHHN HAYHHAsS C ee aKTHBHOI
rpanuisl fg. ITockosbKy ocraibHble HeGA3UCHBIE IEPEMEHHbIE He N3MEHSIIOT-
cst, To ¢ yaeroM (1.8) u (1.12) ormesnbHas 6a3ucHas nepeMentast (zg); Oyaer
3aBUCETD OT 0 CJIEYIONINM 0OPa30M:

(xB)i = Bi + &igsh, (1.19)

rae f; — sHadenue (rp); B TEKyleM Ga3uCHOM pelleHuu, &, — SIEMEHT
cumiekc-Tabsupt (1.9). OgeBunno, uro ecim s < 0, To (rp); yObIBaET
BIOJIb JIy4a, a ecan 45 > 0, 1o (rp); Bo3pacraer BIOMIL Jiyda. IlosTomy
(xp); nocrurner cpoeii HukHeil rpanunpl (Ig); win BepxHeil rpanunpst (ug);
npu 0 = 0; > 0, tre

(Ig)i — Bi

———, ecin g5 <0
0; — Sigs (1.20)
ur): — B:
M’ ecJin giqs >0
§iq3
a 3HA4UT, Nepeoti JOCTUIHET CBOEl IPaHuIlbl Ta Ga3ucHas epeMeHHast (3 )p,
JITA KOTOPOM
0, = min6;. (1.21)
(2

Kpome rToro, nebasucnasi nepemennast (zy)q JOCTHIHET CBOEH IPOTHBOIO-
JIOXKHOI rpanutsl npu 6 = 6y > 0, rae

0o = [(In)g = (un)ql- (1.22)

HoaTOMy JIY9 OCTaHETCS B JIOIMYCTUMOM MHOXKecTBe Tipn () < 0 < Omin, Tae
Omin = min(6,, 6p). (1.23)

Taxum o6pazoM, BeauauHa Oy, M03BOJIAET UACHTUMUIUPOBATH [IEPEMEH-
HYIO, KOTOpasi IePBOIl JOCTUraeT CBOEH I'PAHUIIBI U TEM CAMBIM OIPEIETISeT
cMekHoe OasmucHoe perreHue: ecin Opin = 0p, TO 9T0 OasuCcHas IepeMeH-
Hast (ZR)p, & ecilt Omin = Oy, TO 310 HebasuCHast HepeMeHHas (T )q. Hyx-
HO TaKXKe€ 3aMETUTh, YTO BO3ZMOXKEH CAydail Onin = 00, KOTOPBIA O3HAYAET,
gro JI[T-3aa1a nmeer HeorpaHUYEHHBIH ONTUMYM (MUHUMYM), T. €. B 9TOM
cllydyae BO3MOXKHO HEOrPDAHHMYEHHOE YMEHbIIeHHe LEeaeBOil (DYHKIUMH BIOJIb
COOTBETCTBYIOIIETO JIyYa.

Ecmn Opmin = 6, T0O B cMeKHOM 0a3MCHOM DeIIeHHH Ta, (HHKHSIS HIIH
BEpXHsisl) TPAHUIA IE€PEeMEHHON (ZR)p, KOTOpas IPEHATCTBYET JajbHeiilre-
My H3MEHEHHIO (TN )q, T. €. KOTODPas OILpejesisieT BeInduHy 6, CTaHOBUTCS
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AKTUBHOII, a TeKyllas aKTHBHAs IPaHUINa f; epeMeHHOil (zy )y, HA0OOPOT,
repecraer ObITHL aKTUBHON. pyrumu ciioBaMu, B CMeKHOM Oa3mce mepeMen-
uble (Tp)p U (TN)q MEHSIOTCS POJISIME: (ZR), CTAHOBUTCH HEOGA3UCHOI (BBI-
xomuT u3 Gasuca), a (zn), craHoBuTcs GasucHoil (BxozuT B Gasuc). Ecim
x’e Omin = 6o, TO B cMexkHOM Oasmce IepeMeHHas (Ty), ocTaercs Heba-
3HMCHOIi, OJIHAKO aKTUBHOI CTAHOBUTCsI €€ MIPOTUBOIOJIOKHAS IPAHUIA. SHAsT
BEJIMUUHY Opnin MOYKHO TaK¥Ke ONPEE/UTh BEJTUUIUHY [TPUPAIIEHUsT TIeJIeBOI
GbYHKIMN IpU TIepexo/ie OT TEKYIIEro 0a3uca K CMEXKHOMY:

Az = —|dgfmin| < 0. (1.24)

Bribop 6a3ucHoit mepemMeHHON MOXKET 0Ka3aTbCsl HEOHO3ZHATHBIM, €CJIU
HECKOJIBKO TIEPEMEHHBIX OJTHOBPEMEHHO (T. €. IIPH OHOM ¥ TOM K€ 3HAYCHUH
0 = Omin) JOCTUIAIOT CBOMX I'DAHUI, IPUIEM T4 HEOJHO3HATHOCTH OOBIU-
HO ycyryoussiercst cutyanmeit Oy = 0. B mociennem ciydae npu mepexo-
Jle K CMeKHOMY Oasucy 1esieBast (byHKIUS HE U3MEHSIETCs, MO3TOMY, €CJIn
He TPUHUMATD CIEUATBLHBIX MED, BO3MOXKHO 3alUK/INBAHNE METO/IA, KOTIa
MIPOUCXOJTUT BO3BPAT K OJTHOMY M3 MPEJILIIYIIX OA3UCHBIX PEITIEHUIH.

B zakmrodenne paccMOTpUM TPUHIUIHAIBHYIO CXEMY CHMILIEKC-METOIA
npumennrensio K JIII-3amaqge (1.1)—(1.3), mosarasi, 9T0 3a7aH0 HEKOTOPOE
HAYAJIbHOE JIOIYCTUMOE Oa3uCcHOe pernenne (yKa3zaHo, KaKue MepeMeHHbIE siB-
JISTIOTCST OA3UCHBIMU, KaKne HeOA3UCHBIMU, W JjI HeDA3UCHBIX TePEMEHHBIX
yKa3aHbl UX aKTUBHbIE IDAHUIIBI).

CUMITJIEKC-METO/],

Ilaz 1. Beraucaurs f = (3;) — BEKTOP TEKyIIUX 3HAYECHWN OA3UCHBIX
nepemennsiX £g = [(2g);] (1.12), d = (d;) — BEKTOp OTHOCUTEILHBIX OIIEHOK
Heba3UCHBIX HepeMeHHbIX TN = [(zn);] (1.16).

Ilaz 2. BeibpaTh MOAXOAILYI0 HEOA3UCHYIO NMEPEMEHHYIO (TN )q, H3Me-
HEeHUEe KOTOPOii B JIOIYCTUMOM HAIPaBJIEHUN yMEHbIIAeT 1eIeByI0 (hyHKUIO,
T. €. OTHOCUTeJIbHasI OlleHKa dy KOTOPOil nMeeT «HellpaBu/IbHbI» 3nak. Heba-
3UCHasl llepeMeHHasl (T ); CINTAETCS MOIXOISIIEdt, ecn:

dj <0 u (ry); IMeeT aKTHBHYIO HUZKHIOIO T'DAHHILY;

d; >0 u (ry); IMeeT aKTHBHYIO BEPXHIOIO IDAHMILY;

d; # 0 u (xn); aBageTCsS CBOOOIHON (HEOIDAHUYEHHOIT) ePEMEHHOIH.

OuKcHpoBaHHbIE HEOA3NCHBIE MEPEMEHHbIE HE MOTYT M3MEHATHLCS U I10-
9TOMY He BKJIIOYAIOTCS B YHCJIO TTOIXOJSIINX.

Ecim Beibop HEeBO3MOXKeH, TO CTOII — Tekyiee 6asucHoe pelreHne siB-
JISIETCST ONITUMAJILHBIM.

Illaz 3. Oupenenutsb Oy — abCONIOTHYIO BEJIUUUHY PUPAIIEHUS BbI-
OpamHOil HeOa3UCHON HepeMeHHOi (T ), B cMekHOM Oasuce (1.23).

Ecin Omin = oo, To CTOII — JIII-3aga4ua uMeer HeorpaHUYeHHBIA MUHU-
MYM.

Hlaz 4. Ecin Opin = 6, (1.21), T0 momeTuts mepeMenuyio (rp), Kak
HeDA3UCHYIO C AKTUBHON HUKHEW MJIM BEPXHEHl IpaHulieil B 3aBUCUMOCTH OT
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Beibopa 0; = 0, (1.20), a nepemennyio (), IOMeTUTH Kak Gaszuciyio. Ecim
Ke Opin = Oy (1.22), To U3MEHUTD TEKYIIYI0 AKTUBHYIO I'DAHUILY [IePEMEeHHOT
(xN)q Ha IPOTHBOIOIOKHYIO.

Bepuyrbes x mary 1. B

1.4 Tabaum4uHbIlii CUMIIJIEKC-METOT

Tabauurold cumnaerc-memod — 3T0 BAPUAHT CHMILIEKC-METOJIA, B KOTOPOM
JUTst OIIPEJICTICHUS BCEX HEOOXOMMBIX BEJMUIMH HCIOIb3YyeTcst Tab/aua (JBy-
MEpPHBIii MACCUB), COOTBETCTBYIOIIAs TAK HA3BIBAEMON npeobpas3osantot (1im
mexywet) 3adave.

ITpeobpasoBannast 3aja4a nostydaercs u3 ucxonuoit JIII-3aga4am nocpes-
CTBOM SKBHUBAJIEHTHOI'O JINHEHHOTO IPeobpasoBanus,’ KOTOPOe HPHMEHIeTCsI
JUIsl TOTO, Y4TOOBI SIBHO BBIPA3UTH IeJIEBYI0 (DYHKIMIO U GA3UCHBIE TIEPEMEH-
Hble Yepe3 HeGa3UCHBIE TIepeMEHHBbIE.

Tax, musa JIII-3agaan B dopmare (1.1)—(1.3) npeobpasoBannas 3a/1ada

UMeeT cJedyfomuii ¢popMar:

z=d zyN + dy — min (1.25)

rp=ZTN +g¢ (1.26)

Ip <z <up (1.27)

In <zy <uy (1.28)

rjie £p — BEKTOP OA3UCHBIX IIEPEMEHHBIX, LN — BEKTODP HEOA3UCHBIX IIe-

peMeHHBIX, d — BEKTOP OTHOCUTEJIbHBIX OIEHOK HEDA3MCHBIX ITePEeMEHHBIX
(1.15), dy — mocrosmubLT WwieH nmpeobpa3oBanHoil neseBoit dyuxmun (1.17),
E — cumiuiekc-Tabimna (1.9), g — npeobpa3oBaHHbIi BEKTOP [IPABBIX YacTeit
orpanmienuit (1.10).

CyrecTBennast 0COOEHHOCTD MTPEOOPA30OBAHHON 3a/1a41i COCTOUT B TOM,
9TO ee OCHOBHBIE KOMIIOHEHTHI (d, dy, E, ¢g) OTHOCATCS K TEKyIeMy 6asucy,
[IO9TOMY BCSIKHU pa3 IPHU HePeXoJie K CMEXKHOMY 0a3ucy HeOOXOIUMO BBITIOJI-
HATH IIepecdeT 3TUX KOMIIOHEHT.

['maBHBIM IpeUMyIIIECTBOM TaOJMIHOTO CUMILIEKC-METO/IA SIBJISIETCS PO~
CTOTa €ro Peajim3allny, MOCKOJIbKY BCsl HeoOXoanMasi nH(POPMAIUs TOCTYII-
Ha B sBHOM BHje. Y Ouako g npaxTudeckoro pemnenns JIII-3ama4a Ta6-
JIMIHBII CHUMILJIEKC-METO/] B HaCTOdAIIee BpeMs IIOYTU HE IIPUMEHAEeTCd B OC-
HOBHOM M3-3a €0 HU3KOU BBIYUCIUTEIbHON 5p(DEeKTUBHOCTH, 0COOEHHO IpH

9910 mpeobpazoBaHme, KOTOPOE MOMKHO BBIIOJHUTH, MCIOIB3YST METOM HMCKITIOUEHMS
Iaycca—2Kopaana, npeacrapisier coBoii yMHoxenue B! ciieBa Ha HCXOIHYIO MATPHILY
kosbbummentos orpanudenuit (1.6) AIIT = (B|N), B pesy/bTare 4ero HOJIy4acTCs MaT-
punia B~ (B|N) = (I|B™'N) = (I| — E), coorsercrayromas (1.26).

YOHau6osee oruersinBo 910 mposiBasiercst aist JII-3anau B crangaprHOM dopMare, rie
BMecTO rpanur obmero suja (1.3) ucronb3yorcs ycioBus HeorpunareabHoctu ¢ > 0: B
9TOM CJIyvae Bce HeDA3UCHBIE MEpEMEHHbIE UMEIOT HYyJIEBble aKTUBHBIE TPAHUIIBI, TTOITOMY
TeKyIlee 3HaYEeHNe I[eJIeBON (DYHKITNU PABHO dp, & TEKYyIUe 3HAYeHnsT OA3NCHBIX IIEPEMEH-
HBIX PaBHBI JIEMEHTaM BEKTOpa ¢.
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pemennn paspexkeHHbix JIII-3amad Boicokoit pasmepnoctn. Hampumep, mHa
KaxKJIOl ureparuu TabJUIHOTO CUMILIEKC-METOa HeOOXOMMO BBIIOJIHSITH
repecyder Beell CUMILIEKC-TabIUIbI =, XOTsI JJjIsi BBIOOpa Oa3uCHON IepeMeH-
HOI HY2K€H BCEro OJUH CTOJI0eI] 9Toi MaTpuIbl. [Ipu sToM maxke ecyin ucxo-
Hast MaTpuIa A sBJISIeTCs JOCTATOYHO PAa3PEXKEHHOMN, 3aII0JIHEHNE CUMILIEKC-
Tabmunpl = = —B !N B obmieM ciiydae MOXKeT GBITh TOPa3/I0 BBIIIE.

B macrosimiee Bpemsi Haunbosiee IMIMPOKO UCIIOIB3YEeTCsI BAapUAHT, HA3bIBA~
eMbIil MOJUPUUUPOSAHHBIM CUMNAEKC-MEMOJOM (CM. CIIELYIONTHHA PA3Ie).
B sToM BapmanTe KOMIIOHEHTHI ITPEOOPA30BAHHON 3a1a9 HE XPAHATCA B SIB-
HOM BHJIE, & BCE UCIOJIB3YEMbIE BEJIUUUHBI BBIYUCJISIOTCS TOJIBKO 110 MEpe
HEOOXOIUMOCTH, UTO IO3BOJISIET CYIECTBEHHO MMOBBICUTH BBIYUC/IUTE/HHYIO
3¢pdeKTUBHOCTL MeToAa. TeM He MeHee, MOIMMDUIIMPOBAHHBLIA CUMILIEKC-
METOJ| TaK»Ke MCIIOJIb3yeT KOMITIOHEHTHI ITPe00Pa30BAHHON 3aJ1a11, TIO9TOMY
MMeeT CMBICJI PACCMOTPETH 3JeCh (POPMYJIbI TAOJIUIHOIO CHUMILIEKC-METOIA
JUIsi Tiepecdera KOMIIOHEHT npeobpasoBanHoil 3agaqn (1.25)—(1.28) upu ne-
pexojie K CMeXKHOMY 6a3uCy, MMOCKOJIbKY 9T (DOPMYJIbI MOYKHO HUCIIOJIb30BATH
JUIsT BBIBOZA (OPMYJI IIepecdeTa JIPYTUX BeJUYIUH, CBA3AHHBIX C TEKYIUM
0a3MCHBIM PEIIeHUEM.

Y1066l yIIPOCTUTH BBIBOJ, yKA3aHHBIX (DOPMYJI, 3aMETUM, UTO CTPOKY IIe-
neBoit dynkmuu (1.25) MOXKHO paccMaTpUBaTh KaK CTPOKY CBOOOTHOI Hasmc-
HOIt nepemenHol (r5)o = 2. AHaJIOrUYHO, IPEOOPA30BAHHBIN BEKTOD [IPABBIX
JacTell OrpaHnIeHn g MOXKHO PacCMaTPUBATL KaK CTOJIOEI] (PUKCUPOBAHHOMN
Heba3uCcHON epeMenHoil (2y)g = 1. D10 mo3Bossier 00beJUHUTH OCHOBHBIE
kommionenTsl (d, do, Z, g) B pacwupennyio cumn.aexc-mabiuy:'t

- do d¥
= = () = ( o d ) (1.20)
g E
a Takke o0beauHnTh pasencrsa (1.25) u (1.26) B 0HO paBeHCTBO:
Irp = E*IL’N. (130)

Homyctum, uTo 6a3ucHast epeMeHHas (LR), CTAHOBHTCH HeOA3MCHOII 1
3aHEMaeT MecTo Heba3uCHOll nepeMennoil (zy )y, KOTOpasi, B CBOIO OYepe/b,
CTAHOBUTCs OA3MCHON M 3aHMMaeT MeCTO IepeMeHHO (rp),. Hac mHTepe-
cy1oT (hopMyJIbI TIepecyeTa 3JIeMEeHTOB PACIIUPEHHON CUMILIEKC-TabuIbl =
IIpH Iepexojie K CMeXKHOMY 0as3ucy.

Y100l BBIPA3UTh HOBYIO Ga3ucHylo mepeMeHnyio (Tp), = (Tn)q depes
HOBBINT HaOOP HEOA3ZMCHBIX MMEPEMEHHBIX, BK/IOYAIONINN HOBYIO HEOA3UCHYIO
epeMeHHy10 (TN )q = (ZB)p, IpeobpasyeM cHadasIa p-10 (BEIYILYIO) CTPOKY

"'Yra pacmmpennas cuMineKc-TabiImIa, IPEeICTABIEHHAS B BHJIE J[BYMEPHOIO MACCH-
Ba, SIBJISIETCSI TOW OCHOBHOM CTPYKTYPOIl JaHHBIX, KOTOPasl UCIOJb3YEeTCs B TaOJIMIHOM
CUMILJIEKC-MEeTO/IE.
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cucrembl paseHcrs (1.30

n—

):

m
= &pi(TN)j = Epg(an) +me (zn);

J=0 i7#4q
OTKYy/1a
(TN)q :g Zg (1.31)
P j#aq P

Uckmounm renepb (2n)q U3 OCTAJIBHBIX CTPOK cucreMmbl paseHcTs (1.30),
Jutst dero mnojacraBuM (zn)q u3 (1.31) B Kazk1y1o i-10 cTPOKy (i # p):

(xB)i = g’b] IN ji= gzq(mN + Z&] $N
Jj=0 J#4q
_ ?q Z fzqu] )j + Z&J (iUN)j _ (1_32)
Pa J#q J#aq
= gzq pT Z <§Z] 5@;pr> (‘TN)j‘
g j#q g

Koaddunuenrsr npu nepemennbix B pasercrBax (1.31) u (1.32) siBis-
IOTCsT JIEMEHTAMHU HOBOW PACIIMPEHHON CHUMILIEKC-TaOIUIIbI == (E”) TS
CMEXKHOro 6a3mca, BbIpaXKEHHBIE Yepe3 9JIEMEHTHI UCXOIHON pacIIupeHHOR
CHMILTEKC-Tab/uIbl =% = §;; Jula Tekymiero 6asuca. TakuM obpaszoMm, moJTy-
qaeM cieytomnme (popMyJIbl IIepecderas

€pg = €0 (1.33)

€pj = —Zﬂ = —Epulpir J# 4 (1.34)

&ig = gp = Epoliar 1 FD- (1.35)

€ij = &ij — &g]im = &ij — Eiglps = Cij + &igpjy 1 F DT F 4 (1.36)

Hynesasi crpoka pacrupenHoii cuminiekc-Tabsmipt (1.29) coorBercrByer
cTpOKe TiesieBoii pyHKImu B npeobpasosanuoil 3a1ade (1.25), . e. z = (zp)o.
[TosTomy popMyIIbl IIepecdeTa OTHOCUTENBHBIX OIEHOK dj = & U HOCTOSIH-
Horo 4eHa dy = &y coBuagaoT ¢ dhopmynamu (1.35) u (1.36) upu i = 0:

d, = é = &,,dg, (1.37)
_ d.& - _ _ ,
dj =dj — Dopj _ dj — dybpj = dj +dy€,5, §#q (1.38)

gpq

15



2 MomndunnpoBaHHBII CUMILIEKC-METO/,

Moodupuyuposarmoidi cumnaerc-memod [3, 4, 5| — 9T0 BapuaHT CHUMILIEKC-
METO/Ia, B KOTOPOM JJI BHIYHCJICHUS BCEX HEOOXOOMMBIX BEJIMYUH HCIIOJIb-
3yercsi MOJIXOJIsIee IpeJicTaBleHre TeKyieil 6asucHoii marpunpst B (1.6),
nosposgomee 3p@PEKTUBHO BIIOIHATL OCHOBHBIE OIEPAIMH C 3TOH MaTpHU-
neit (noxpasz,. 2.1). B owmnuane or TabIuYHOrO CHMILIEKC-METO/A, (CM. IO/
paszn. 1.4), mpeobpasosamnmas 3amada (1.25)—(1.28), 3a nckmovenneM ee oT-
JEJIbHBIX KOMIIOHEHT, B fIBHOM BHJI€ HE XPpaHUTCA, ITO IIO3BOJIACT CYIIIEeCTBEH-
HO HOBBICUTH BBIYUCIUTEILHYIO 9 (MEKTUBHOCTD CUMILIEKC-METO 18, 0COOEH-
HO IIpM pelleHuHu pa3peKeHHbIX JIII-3a1a4 60JIbIIol pasMepHOCTH.

2.1 PakTopusalus 0a3UCHOI MaTPUIbI

[Tpencrasmenne Tekyieit basucHoit MaTpuilbl B, ucmoab3yemoe B Momudm-
[UPOBAHHOM CUMILIEKC-METOJIE, OOBIYHO (XOTsI U He 00sI3aTeIbHO) UMeeT BUJ
MaTpu4HOil pakTopu3aIuu, rjue B npejcraBieHa B BUJE IIPOU3BEIEHNs MaT-
PUIL CHENHATBHON cTpyKTYpbL 2 [09TOMYy yKazaHHOE MpPe/ICTABICHAC HA3BI-
BaeTCs B JajbHeHeM gakmopusayuets 6a3ucHot Mampuybt.

C TouKM 3peHusi CUMILIEKC-METO/Ia BUJ KOHKPETHOH (akTopu3anuu Ha-
3UCHOI MATPUIIBI SIBJISIETCST HecylecTBeHHbIM. OTHAKO IIPEJIIIOJIAraeTCsl, ITO
HCIIoIb3yeMasi (pakTopusarus obecrieanBaeT 3(hHEeKTUBHOE BHIIIOJTHEHUE CJIe-
AYIOHX 9eThbIpeX OCHOBHBIX OHepaL[Hﬁ:

1. Hauanavnoe evivucaerue gaxmopusdanyuy. VIcxoaubiMu JTaHHBIMU 3TON
omepaIu sABJIAeTCd 3a/annas marpuna B. PesynbraToMm dBjIsieTcst BbHIYHC-
JienHast aKTOPU3AIUs ITOW MATPHUIIBL.

2. Ilpamoe npeobpasosarue (FTRAN). Dra oneparusi npeJCTaBisieT co-
6oit pemtenue cucreMbl Bx = y (Wiu, 9T0O TO Ke caMoe, BBIUUCIEHHE BEKTOPA
r = B~'y) ana sagamnoro sekropa .13

3. Obpammnoe npeobpasosanue (BTRAN). Dra onepanus mnpejcrapiser
coboit pemenne cucrembl BTx = gy (mmm, 9To TO e caMoe, BBIYHC/ICHHE
BexTopa = = B~ Ty) 118 3aaHHOrO BEKTODA. ¥.

4. IHepecuem daxmopusayuu nocae 3amenv. cmoabya. VIcXomHbIME JaH-
HBIMU STOH Olepaluu sBjisgeTcsd (GaKTOPU3aIus TeKyIeit MaTpuisl B u 3a-
JIAHHBIN BEKTOP, KOTOPBII 3aMeHsIeT HEKOTOPLIN CTOJI0eI B TEeKYIIeil MaTpu-
1le, 9TO JaeT HOBYIO Marpuily B. PesymbraToM omeparuu siBisercs hakTo-
puzaIus HOBOH MaTpUIL 5.

Hpumevwarnue. Koukpernas peajusaiius (pakTopusamnyu 6a3ucHO MaTpu-
bl OOBIYHO OIPAHUYUBAET YUC/IO TIepecdeToB dhakTopusanun (HalpuMep, He
6ostee 50 mim 100), 9r0 06YCIIOBIEHO, B OCHOBHOM, TEXHUYIECKUMU TIPUIUHA~
Mn (HaKOHHeHI/Ie BbIYNUCJ/INTEJIbHBIX HOI‘peH_IHOCTeI‘/‘I7 IIepernoJiHeHne MaCCUuBOB,
gpe3MepHoe 3aroJiHeHue, u T. 1.). OJHAKO 9TO OrpaHUYCHUE HE SIBJISETCSI

2T pumepoM bakTOPH3AIMN MOKET CIIy?KUTH TPEYTOJIbHOE PA3JIOXKEHHE.
13311ech © U y — 9TO IMPONU3BONIBHEIE BEKTOPHI, HE CBsI3aHHbIE ¢ JIII-3a1adeii.
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KPUTHIECKUM JIJIsi MOJIU(DUITTPOBAHHOTO CUMILIEKC-METO/Ia, TaK KaK BCErja
nMeeTcCd BOSMOXKHOCTH BBIIIOJTHUTH HaYaJIbHOE€ BBIYUCJICHUE Cba.KTOpI/I:SaL[I/II/I.

Peammzarus dakropuzanuu 6a3uCHON MATPHUITHI TPAKTUYIECCKH HE CBsI3a-
Ha C peain3alyeil CUMILIEKC-MEeTO/1a U MPEeJICTaB/IsIeT cODOM CaMOCTOSTE b
HYIO IIpO0JIeMy, KOTOpas 3/1eCh He 00CYZKIaeTC .

B zakiouenue paccMorpuM GopMysIbl Ipeodpa3oBanus 0a3UCHON MaT-
PHUIIBI TIPU 3aMeHe cToJIONna. DT POPMYJIbl He 3aBUCHT OT BUJIA KOHKPETHOM
daxkTOpU3AIUN U TTOITOMY HX MOXKHO HCIIOJIB30BATH JJIs IIEpecueTa JAPYTux
BEJINYNH, CBSI3AHHBIX C OA3MCHON MATPUIIEH.

Urak, mycTs p-it crosiber; Mmarpuiibl B 3aMeHsIeTCsi CTOJIOIOM U, B PE3YJib-
TaTe Wero IoaydaeTcs MaTpuia B.

Tak kak B — HEeBBIPOXKJIEHHAs] MATPHUIIA, TO UMEET MECTO PABEHCTBO

B'B=1 (2.1)
Omnpenenum marpuity H ciemyromuMm obpa3oM:
B™'B=H. (2.2)

[Tockosbky B oTiimdaercst OT B TOJIBKO p-M CTOJOIOM, TO U3 COIOCTABICHUS
(2.1) u (2.2) cremyer, uro H ommdvaercst oT eMHAIHON MaTpuIpl I Takke
TOJIBKO P-M CTOJIOIIOM M [I09TOMY MMEeT BU/I:

1 hap

rae p-it cronbery sroit Mmarpuisl Hy, = (hjp) yAOBIETBOPSIET PABEHCTBY
B~ = H,. (2.4)

Ymuoxkasi ciaeBa B Ha 00e acTu paBeHCTBa (2.2), MOIyINM OCHOBHYIO (op-
MyJ1y Ipeodpa3oBaHus Oa3UCHON MATPUIIBL:

B = BH. (2.5)

DopMmysibl Tpeodpa30BaAHUS )i OOPATHBIX MATPHUIL HEIIOCPEICTBEHHO CJIETY-
10T u3 (2.5):
B '=H'B, (2.6)

B '=pTHT, (2.7)
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rue

1 _hlp/hpp

I - pfl,p/hpp
H'= 1/hpp : (2.8)

- p+1,p/hpp 1

_hmp/hpp 1

(Takum obpaszom, MmaTpuna B Gy1eT HeBBIPOXKICHHOI TOJILKO B TOM CIIydae,
€CJIN IHArOHAJIBHBIN 9JIEMEHT My, MaTpuibl H OTINYeH OT HyJIs. )

IIpumevarue. Paccmorpennbie (hOpMyIbl MOXKHO HCIOJIB30BATD IJIsT JI0-
CTATOYHO TPOCTON peasm3anuu (HPAKTOPU3AIUA B BUJE TaK HA3BIBAEMOTO
«ama-gaiinay |4, 6]. B aroii peasmsanun Tekyas 6asucHas Marpuna B xpa-
HUTCsL B CJIEJIYIONEM (paKTOPU30BAHHOM BHU/IE:

B = BoH, ... Hy, (2.9)

rae By — HavasbHas GasucHasi MaTpuna (T. €. [OCJe BBIIOJHEHUsT Olepa-
n BeraucaeHnst dakropusamuu B = By), npejcTaBieHHas B MOXOISIIEM
dakropnzoBaHHOM BHJe (HAIpUMEpP, B BUJE OOBIYHOIO TPEYIOJILHOTO Pa3-
JIOXKEHUsT), Mo3BOJIsAoNeM 3hMEKTHBHO pelaTh CUCTeMbl Buja Bor = y u
Blz =vy; Hy, ..., Hy — marpuns suja (2.3), OTpazaromniye 3aMemHy cToj6-
0B B By 1 XpaHHMBIE B BUJE TIOCTIEI0BATEIbHOTO (daiira (MaccuBa), HA3bI-
BaeMoro «dra-aiti» (tak kak Oyksa H 1oxoxka Ha I'DeYecKylo «dTa). U3
(2.9) crenyer, uro:

v=B"ly=H .. H'Bj'y, (2.10)

T. e. onepario FTRAN M0KHO BBITOJIHUTE, pelliasi BHAYAJe CUCTEMY C MaT-
puneit By u 3aremM nocsegosaresibao ¢ marputiamu Hy, ..., Hy («3ra-daiin»
IPOCMATPHUBAETCS B IPSIMOM TOPSIJIKE, OTKY/a HA3BAHUE OIEPAIIUHA — IIPAMOE
upeobpaszosanue). Tpancrnonupyst obe yacru dopmyist (2.10), mosmyanm:

v=BTy=B,"H"...H Ty, (2.11)

T. e. onepannio BTRAN MOXXHO BBIIIOJIHATE, pellias I0C/IeI0BATEILHO CUCTE-
MBI C MaTPHUIIAMU HkT, .., H {F U 3aTeM C MaTpuiei BOT («aTa-daitny mpo-
CMaTpPHUBaETCst B 00paTHOM IMOPSIJIKE, OTKY/IA HA3BAHUE OIepaInn — 00paTHOe
npeobpasosanue). Hakoner, omnepaiusi 3aMeHbl CTOJOIA TIPEICTABIISAET CO-
Ooit BeIumCIIeHnE U obaByieHne o4depeiHoil MaTpulibl Hy 1 K dhakTopusaum
(2.9), T. e. B KoHerr «3Ta-daiiaay. (Ormernm, uro jyist hakrTopusanuu By Tak-
JK€ MOXKHO HCIIOJIb30BATh «3dTa-(ailiy, MOCKOIbKY JI00YI0O HEBBIPOXK ICHHYIO
MAaTPUILy MOXKHO MOJIYy9UTh, TOCJIEI0BATEbHO 3aMEHssI CTOJIOIBI €IMHTTIHON
MaTpPHUIIBL. )
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2.2 OcHOBHBIE onepanuu

Ananus npUHINIAAILHON CXeMBbI CHMILIEKC-MeToa (cM. moapas. 1.3) mos-
BOJISIET BBIJICJIUTH CJIEJLYOIINE OCHOBHBIE OIIEPAIMN, KOTOPbIe HEOOXO/MMBI
upn pemtennn JII-3amaan (1.1)—(1.3) MoAuQUIUPOBAHHBIM CHMILIEKC-Me-
TOJIOM.

1. Bwoucaenue snauenuti 6asucnor nepemenmvixr [ = (f5;). Bekrop S
HEeOOXO/IUM JIJIs1 OIIPE/ICJICHIs BeJMIUHBL Onyin (1.23), 1. e. jy1st BeIOGOpa 6asuc-
HOIl [IEPEMEHHOIi, KOTOPYIO CJIe/LyeT HCKIIOYNTh U3 ducia 6asucHeix. Kpome
TOr0, 3TOT BEKTOP BMECTE ¢ BEKTOPOM AKTUBHBIX I'PAHMUIL (T. €. TEKYIHUX 3Ha-
YeHWil) HeOA3UCHBIX IIEPEMEHHBIX [ OlPeiessieT TeKyIlee J0IyCTUMOoe 6a3Hc-
noe pemrerne (1.11). V3 (1.12) ciemyer, 9T0 BEKTOP /3 MOKHO BBIUHC/IUTD,
ucnoyis3yst onepanuio FTRAN (em. mogpasz. 2.1), no dopmysre:

B=B"1b—-Nf), (2.12)

rie b — BekTOp mpaBbIX dacTeil orpanmdennii (1.2), N — marpurna (1.6),
COCTaBJIEHHAST W3 CTOJIOIIOB MATPHUILI KO3 duimenToB orpanndennit A, co-
OTBETCTBYIOIIUX HEOA3UCHBIM ITIEPEMEHHBIM X .

2. Buyucaenue cumnaekcuor muoscumenet m = (m;). Bekrop 7 HE06-
XOJUM JIJIsl BBIYHMCJIEHUsT OTHOCUTEBLHBIX OIEHOK HeDA3UCHBIX IIePEMEHHBIX.
DTOT BEKTOP MOXKHO BBIYHMCJINTD, ucnoJib3ys oneparuio BTRAN (cm. mos-
paszj. 2.1), o dbopmyse (1.16):

m =B Tcp, (2.13)

rIe cg — BEKTOP KO3 DUIIMEHTOB IeeBOil (DyHKINK npu OA3UCHBIX IIepe-
MeHHBIX T (1.4).

3. Buivucaenue omuocumenvnvix ouernor d = (dj). Bekrop d Heobxoamm
JIJIst BBIOOpaA HEDAZUCHON IIEPEMEHHO, KOTOPYIO CJIeIYeT BKJIIOUYUTH B UUCJIO
6a3uCHBIX. DTOT BEKTOP MOYKHO BBIUUCIHUTH 110 hopmysie (1.15):

d=cy—NTr, (2.14)

CN — BEKTOpP K03 PUIMEHTOB 11e/1eBOM (DyHKIMHU TP HEOA3UCHBIX II€PEeMEH-
ueix £y (1.4). Bamerum, uro ykazaHHasi hopMyJia M03B0JsieT 3(DHEKTUBHO
BBIYHCJIATH OTHOCHTEJIbHBIE OIEHKH OTJIEJbHBIX HEOA3UCHBIX II€PEMEHHDIX.
Ilycrs (xN); = ) — HekoTopast HebasucHas nepemenHas. Torga ee orHOCH-
TeIbHAA OLEHKa eCTb d; = ede, rje ej — j-it cronber eIMHIYHON MaTPUILLL.
[TosTomy:

d; = e;‘»FcN - e;‘-FNTﬂ' = (en)j — NjT7r =cp— Aln, (2.15)
rie (cn) j = cx — Koaddunuent nenesoit Gynknun u N; = Aj — croubers

MaTPHUIBI KO3hDPUIMEHTOB OrpanndeHunil, COOTBETCTBYIOIINE HeOA3NCHOI 11e-
peMeHHoOil (TN)j = T
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4. Buvucaenue cmoabuya cumnaekc-mabauyvt Zq = (§q), KOTOPBI COOT-
BETCTBYeT BBIOpaHHOI HebGa3MCHOI nepementoit (zy)q. Bexrop-cronber 2,
COBMECTHO C BEKTOPOM TEKYIIUX 3HAYCHUIT OA3UCHBIX MEPEMEHHBIX [ HEO0D-
XOJIUM [[JIsI OIIPEJIeNIeHIsT BeMINHBL Oimin (cM. Bbimne). Tak kak =, = Zey, re
eq — @-it crosber exuHIIHON MaTpuipl, To u3 (1.9) ciaemyer, aro crosber =,
MOXKHO BBIYUCJIUTE, UCIIOJIb3yst oneparuio FTRAN, o dpopmyie:

=,=—-B 'Ne,=-B"'N,, (2.16)

riae Ny — cronber; MaTpunbl KO3 UIIEeHToB orpanndennii A, COOTBETCTBY-
fomuit HeOA3UCHOI IIepeMeHHON (T ).

5. Ilepexod x cmeorcromy 6a3ucy. JTa onepalnsi COCTOUT B 3aMEHE CTOJIO-
na B, Tekymeil 6asucnoit marpunpl B cronbinom N, Tekymeit marpunst IV,
IJle UHIEKCHI P U ¢ OUPEIEsIsiOTCs BLIOPAHHBIME Oa3ucHON (rpg), U HEOa-
3UCHOI (2 ) HEPEMEHHBIMU, B PE3YJIbTATe HYEero IIOJIydaeTcsl HOBas Oasmc-
Hasl MATPUIa B, COOTBETCTBYIONIAs CMeKHOMY 6a3ucy. 110cKobKy 6a3ucHast
MaTPHUIA HE XPAHUTCS sIBHO, & MCIIOJIb3yeTCs ee (PAKTOPUIAIMS, TO BBIIOJI-
HEHUE JaHHOW OIepaliui CBOJAUTCS K Iepecuery akTopusanuu 06a3MCHON
Marpunsl (eM. moapasf. 2.1).

Bcee nepeunciiennbie onepaiun JI0MycKaoT 3P@MEKTUBHOE BBIIOJHEHHE,
ecsin MaTpuna ko3 buInenToB orpanndenuit A nocrymHa 1o croabman.

B sakimouenne oTMeTuM, 9TO €CJIM MPUIACPKUBATHCS ITPUHIIMITHAILHON
CXeMBI CUMILIEKC-METO/Ia U3 mopas3 . 1.3, To KaxKgasi nTepariusi MOIHupUIim-
POBAHHOI'O CUMILIEKC-MeTOa TpebyeT BhlnoJHeHns aByX oneparuii FTRAN,
onuoii onepariun BTRAN, u onHoro nepecuera gpaxropusaiun TeKyeil 6a-
3MCHOI MaTPHUIIBI ITOCJIE 3aMEHBI CTOJIOIA.

2.3 Ilepecuer KOMIOHEHT GA3MCHOTO peHIeHUS

[Tpu pemmennn JII1-3amax1 60bII0NH PA3MEPHOCTH YUCIO UTEPAIUN CUMILICKC-
METOJ[a MOYKET JIOCTUIaTh JIECATKOB M COTEH Thicsid. llosromy juisi 1MOBBI-
MIEHUST BBITUCIUTETbHON 9 DEeKTUBHOCTH MOJAMMUITUTPOBAHHOIO CUMILIEKC-
MeTOJ[a Ha KaKJ0i UTepaIui BMECTO MPSIMOTO BBIYUCJIEHUS] OCHOBHBIX KOM-
noHeHT GasucHoro perierust 1o dopmyaam (2.12), (2.13) u (2.14) Bbiroguee
BBIIIOJIHATD UX IIEPECUET, T. €. UCIIOJIb30BATH U3BECTHbIE 3HAYEHHS STUX KOM-
IIOHEHT B TEKYIIEM Oa3uce JIjist BRIYUC/ICHUsI UX 3HAYEHUN B CMEXKHOM Dasuce.
31ech HEOOXOJAUMO OTMETUTDL, YTO IIOJOOHLIA Iepecder Hem30exKHO COIPO-
BOXKJIA€TCs HAKOILIEHUEM OIMMOOK OKPYIJIEHUS, TIO9TOMY BpPEMsi OT BpeMe-
HI CJIEJIyeT UCIIOJIB30BaTh [IPSIMOE BBIYUCJICHNE STHX KOMIIOHEHT (HAIPUMED,
BCSKUI pa3 IMOCJie HAYAJbHOI'O BhIYHMC/IEHUs (hakTopusanuu 6a3uCcHON MaT-

DHUIIbI).

14Pa3n1/1‘{1/1e MeK/1y CTPOYIHBIM U CTO.J'I6I_LOBI)IM npencraB/JIeHUAMA MaTPUIIBI ABJIAETCH Cy-
HIeCTBEHHBIM TOJIBKO €CJIN JJIsl XpaHEeHUud MaTPHUIIbl UCIIOJIb3YyeTCA pa3pe)KeHHbII71 (bOpMaT.
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ITepecuer 3nauenuii 6a3ucHbix nepemeHHbrx 5 = (f3;). Ilycrs mepe-
MeHHast (ZR)p BHIXOAUT U3 6asnca Ha CBOIO aKTHBHYIO rpanuity ¢t = (Ip), win
t = (uB)p, a HepemenHas (xy), Bxomur B 6a3uc. Tak kak ocrajbHble HeOa-
3HUCHBbIE [IEPEMEHHbIe He U3MEHSIFOTCsl, TO BEKTODP IIPUpAIleHnil HeOa3uCHBIX
[EPEMEHHBIX [IPU [EPEX0JIe K CMEXKHOMY 0A3MCy eCTh

Azy = A(xN)qeq, (2.17)

rae A(xy), — UpupalieHue nepeMeHHoil (T )g, €q — ¢-i cTosber eHI-
HOit MaTpuiel. VI3 coorHomenust (1.8) ciemyer, 910 B 9TOM Cjiydae BEKTOD
[IpUpaIennii 0A3MCHBIX TEPEMEHHBIX PABEH

Axp =EAzN = A(zn)Zeq = A(zN)qEq, (2.18)

rae = = (&q) — ¢-it crombern Tekymeit cumintekc-Tabaumpl. B gacrnocrn,
JJIsT OTIEJILHON Oa3MCHON epeMEHHONR NMEeeM:

A(w8)i = €gA(an ). (2.19)
Bnas mpupaienne nepeMeHHoil (£g)p, KOTOPOe, OYEeBHIHO, PABHO
A(xzB)p =1t — Bp, (2.20)

rae [, — 3HaYeHHe ITOI epeMeHHOil B TeKyIeM Oasuce, u3 Gopmyist (2.19)
P § = P CJIeJIyeT, YTO COOTBETCTBYIOIIee IPUPAIIEHIe IIepeMeHHO (2 )q

pasio’®
A t—
Arn)q = p)y _ 1= 5p (2.21)
Epg Epg
A Tak Kak B cMekHOM basuce (2 )y 3aHEMAET MeCTO (ZB)p, TO
By = fo+ Alxn)g, (2.22)

rae f, — aKTUBHAs IDAHUIA IePEMEHHO (T ), B TeKymeM Oasuce. Ocraib-
Hble Oa3MCHBIE TIEPEMEHHBIE OCTAIOTCsT DA3MCHBIMHI B CMEXKHOM Dasnce, MO3TO-
my u3 (2.19) caemyer, aro

Bi = Bi + A(zp)i = Bi + &igA(xN)g, @ # P (2.23)

B crenumanbHOM cilydae, KOIjia B CMEXKHOM Oasmce IepeMeHHas (TN )q
IIePEXOIUT CO CBOEH TeKyIeil aKTUBHOW TI'paHUIBI HA IIPOTUBOIIOJIOXKHYIO,
JIUIST OTIPEJIeJICHIs MIPUPAIECHIsT 9TOI HepeMeHHoit BMecto (opmysisr (2.21)
CJIEJIyeT HUCIIOJIb30BaTh (POPMYILY

Alzn)g = s[(un)q — (In)dl, (2.24)

15HOHS{THO, YTO €CJIU BBIOOD NMEPEMEHHO# (5 )p BBIIOJIHSIICA HA OCHOBE BEJIUUUHBI Omin
(cM. IPUHIMINAIBHYIO CXEMY CHMILIEKC-MeToa, noapas. 1.3), 1o A(xn)q = SOmin-
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rae s = +1, ecim (zn)y Bo3pacraer, wm s = —1, eciu (zy ), yoesaer. Ilpu
9TOM 3HAYEHUS GCex OABUCHBIX MMEPEMEHHBIX [TePECIUTHIBAIOTCS 110 (HhOpMyJIe
(2.23).

Ucnosnbzosanue opmyn nepecuera (2.22) u (2.23) 103BOJIsSET CIKOHO-
MuTh onny omepanuio FTRAN nHa kaxkmoit urepanun MOIUQPUIMPOBAHHO-
IO CUMILIEKC-METO/I&, MOCKOJIbKY UCIOJIb3YEMbIil B 9TUX (hOpMyJIax cTojberr
CHUMILTIEKC-TAOJIHIBI =, yKe OyeT BeIanciieH paree (OH TpebyerTcst [IIst ompe-
JIeJIEHUs] BEJTMIUHBI Opyip ) -

ITepecuyer oTHOCUTENBHBIX OLEHOK d = (dj). Popmyiisl epecdera OT-
HOCHUTEJIbHBIX OIEHOK HEOA3WCHBIX MepeMeHHbIX — 3T0 dopmyrsl (1.37) u
(1.38) (cm. moapazy 1.4):

- d
dg = 2+ 2.25
§pq (2.25)
dj = dj — fpj ¢ JF 4 (2.26)

3aMeTHuM, YTO B CIENUaJIbHOM CIydae, KOra B CMEXKHOM Hasuce Heba3ucHasi
epeMeHHast (2 )q EPEXOUT CO CBOEH TeKyIeil aKTHBHOI IPAHMIIBI HA ITPO-
TUBOIOJIOZKHYIO, 6 OTHOCUTE/IbHBIC OIIEHKH, BKJII0Yasd ONEHKY dg, OCTAIOTCS
HEUSMEHNHDLMU.

IIpumevarue. Tak Kax mepecdeT COMPOBOXKIACTCS OIMIMOKAME OKPYyTJIe-
HUsI, TO TIepe]T BHIYUC/ICHUEM Eq 1o popmysie (2.25) 1es1ecoobpasHo UCTIONB30-
BaTh yKe BBIMHCICHHBII CTOI0eI S, TeKyIe# cuMILIeKC-Tab/IuIIbI JJId ps-
MOro, a 3Ha4uT, O0jIee TOYHOrO BeIUUCIeHUs dy B TeKyieM Oasuce. [Tockosb-

Ky dg = egd, rje eq — @-# cTobern eJMHUYHON MaTPHUIIBI, TO HEOOXOAUMAs
T

, Ha obe wacru pasencrsa (1.15):

dopmyia mosrydaeTcs yMHOXKEHIEM CJIEBa, €
dg = (cn)q+Elcp. (2.27)

st mepecdeTa OIEHOK IO yKa3aHHBIM (POPMYJIaM TpedyeTcst p-si CTPOKa
cuMIuIeKc-Tabinpl £, = (&p;) B TekymieM basuce. Tak xak £, = ETep, rie
ep — p-if cronbery equHUYHON MaTpuIpl, To u3 (1.9) ciemyer, 1T0 BeKTOP &)
MOYKHO BBIYHCJIATD 10 (hopMyIIe:

& =—-NT'BTe,=-NT)p, (2.28)

IJle BEKTOp p €CTh p-si CTPOKa obpaTHO# MaTpuisl B!, KOTOpEIl MOXKHO
BBIUHCIUTD, UCTTONIB3yst omeparnnio BTRAN:

p=DB"Te,. (2.29)

CpasuuBasi hbopmyiibl (2.28) u (2.29) ¢ popmysiaMu IpsiMOTO BbIYUCIEHUS
oneHoK (2.13) u (2.14) MOXKHO 3aMETHUTb, UTO OHU UMEIOT HJIEHTHYHYIO CTPYK-
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Typy, ¢ m0sTOMY Ha IIEPBBIil B3IVISIT EpecueT OTHOCHTE/IBHBIX OICHOK HE H03-
BOJIAET IIOBBICUTH SCbeeKTI/IBHOCTb BBIUYUCJIEHUN 11O CpaBHEHUIO C UX IIPAMBIM
BbrancsieaneM. OJIHAKO, B OTJIMYUE OT BeKTOpa g B hopmyiie (2.13), BekTop
ep ABJIAETCA €AUHUIHBIM BEKTOPOM, IIO3TOMY MOZ2KHO O2KNJIaTh, 9TO BEKTOPD
p Oyner 6oJiee paspeKEHHBIM, YeM BEKTOD 7. IDTO, BO-IIEPBBIX, MOXKET yBe-
mnauThb 3bdekTuBHOCTD BbinoHenus onepaiun BTRAN (uro, koneuHo, 3a-
BHCHT OT UCIIOJIB3yeMoil pakTopusarn 6azucHoit Marpurisl). VI Bo-BTOpHIX,
Pa3pEeKEeHHOCTh BEKTOPa P MOXKHO HCIOJIB30BATDH it Oosiee 3DPEKTUBHO-
ro BBRIMHCAeHus cTpokn §p. Ilociennee obcTOATEIHLCTBO 00YCIOBIEHO TEM,
YTO IIPOU3BEJIEHNE MATPUILI Ha, BEKTOP MOYXKHO BBIUHUCJISITE JBYMsl CIIOCODA-
MH: KaK CKaJISIPHbIE [IPOU3BEJIEHUS CTPOK MATPHUIbI Ha 33/IaHHBII BEKTOD U
KaK JIMHEHHYI0 KOMOWHAIINIO CTOJOIOB MaTpuiibl. [lepBeiit criocod He 1o3-
BOJISIET yYEeCTh Pas3peskeHHOCTh 3aJ[aHHOTO BEKTOPA, HO IPU UCIOJb30BaHUT
BTOPOT'O CIIOCOOA MOYXKHO MPOIYCKATH T€ CTOJIOIBI MATPHUIIBI, KOTOPBIM COOT-
BETCTBYIOT HyJIEBbIE 2JIEeMEHTHI BeKTopa. [IpumennresbHo K (opmyste (2.28),
rie cronbuamu N7 gpisiorces crpokn marpuisl N, BTOPOi Criocob o3Hadaer,
YTO BEKTOD &), BHIYHUC/IACTCS KaK JIMHeliHas KoOMOMHAIUs CTPOK MaTpUIbl [V :

m
&=-NTp=— Z pi (i-s1 crpoka MaTpuier V). (2.30)
i=1
DddekruBHOE ncnosb3oBanue dhopmyibl (2.30) BO3MOXKHO JIUIIL B TOM
caydae, Korja MaTpuiia N JocTynHa o cTpokaM. [losToMy BO3HUKaeT Tex-
HUYIecKas mpobiieMa, TaK KaK CTAHIAPTHBIA BapraHT MOAUMUIIMPOBAHHOTO
CUMIIJIEKC-METO/1a MTPEIIOIAraeT XpaHeHNe B STBHOM BUJIE JIUIITh MATPHUITHI KO-
s¢ddunuentos orpannuennii A B paspezkeHHOM cToIOI0BOM hopmMare (a Tak-
’Ke GasncHoil MaTpuibl B B hakTOPH30BaAaHHOM BUJIE).
st pemnenust ykasanHoii npobiemsr P. Bukcon (R. E. Bixby) 7] npex-
JIaraeT XpaHuTh Marpuily N B pa3peskeHHOM CTPOYHOM (popMaTe. 3aMeTHM,
qr0o MaTpuiia N u3MeHsIeTCsl Ha KaXKJI0i UTepaliui, 03TOMY BCSIKUi pas3 1o-
cle mepexoJia K CMexkKHoMy Oasucy craphlit crosber; Ny, COOTBETCTBYIOMITIT
BBIOpAHHON HeOA3UCHOM [IEPEMEHHOI (X )4, CIIeLyeT 3aMeHsITh HOBBIM CTOJIO-
oM Ay, COOTBETCTBYIOMIUM BBIODAHHON Ga3UCHOII IIepeMeHHON (L)) = L.
Tak kak N XpaHUTCsI IO CTPOKAM, TO JIJIsT 9TOTO CHAYAJIA HY>KHO TPONTH 1Mo
HEHYJIEBBIM JIEMEHTaM CTApOro CTOJIOIA, KOTOPBIA JOCTYIIEH KaK COOTBET-
CTBYIOITHH CTOMOEIT MATPUIBI A, yIAIUTEL 9TH 3JIEMEHTHI U3 CTPOK [V, mmocie
9ero MPOUTH 110 HEHYJIEBBIM 3JIEMEHTAaM HOBOTO CTOJIONa Ay U J106aBATH 3TH
asteMeHTHI B crpoku N. Ilo Beeit BuauMocTn TeXHUKYy BukcOn nmeeT CMBICT
IIPUMEHATDH B TeX C/IydadX, KOorjga 60.HI)I_HI/IHCTBO CTO.H6I_[OB MaTPpUITbL A ABJIA-
IOTCsI JIOCTATOYHO PA3PEKEHHBIMU (UTO SIBJISICTCS TUIIMIHBIM JIJIs1 OOJIBIITIH-
crBa peasbubix JIII-3ama19).

16310 cBsI3aHO C TEM, UTO P-I0 CTPOKY CHMILIEKC-TaG/IMIIBI MOYKHO PACCMATPUBATH KAK
CTPOKY OTHOCHUTEJILHBIX OIEHOK HEOA3MCHBIX MEPEMEHHBIX IS TeIeBOi (DYHKITUH, TIe KO-
s dunuent npu 6a3uCHOl epeMeHHo (X B)p, PABEH eIUHUIE, a KOIDMOUIUEHTHI IPH BCEX
OCTaJIbHBIX [IEPEMEHHBIX PABHBI HYJIIO.
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B kadecTBe KOMIIPOMECCHOIO BapHaHTa BMECTO XpaHEHHWs MaTpuiibl N
MOXKHO XPaHUTH JIyOJIMKAT MaTpUIBl A B paspeskeHHOM CTPOYHOM popMaTe.
DTO JIaeT MPEUMYIIECTBO 110 CPABHEHUIO C TEXHUKON BUkcOU, TOCKOJIBKY MaT-
puita A ocTaercst HeU3MEHHO ITpH Tepexojie K cMexkHoMy Oasucy. OHaKo B
9TOM CJIydae HelOCPeICTBEHHOE UCII0Ib30BaHue hopmyiibl (2.30) okasbiBaeT-
ca HeBO3MOKHBIM. [ToaToMy BMeCTO BbIYMCIeHHA BEKTOpa &), KaK JMHelHOi
KOMOMHAIN CTPOK MaTpunbl N IpejyjiaraeTcs BBIMUCIATH BEKTOP () Kak
JINHEHHYIO0 KOMOMHAIIUIO CTPOK MaTpuiibl A:

m
ap=—ATp=— Z pi (i-s1 crpoka MaTpuiel A). (2.31)
i=1

[TockoambKy cTOMOIEI N SBISIOTCS TTOIMHOYKECTBOM CTOJIOIOB A, TO UCTIOTH-
3ys coornormrenue (1.6) Tpebyemblit BEKTOp &, MOXKHO COOpATh U3 COOTBET-
CTBYIOIIMX 3JIEMEHTOB BEKTOPA (. 3AMETHM, UYTO IPHU BBIYNCJICHUN JTHHEl-
HOl KOMOUHAINH (v BHIYUCIISIOTCS. <JIUIIHEE» 3JIEMEHTHI (COOTBETCTBYIOINE
CTOJIOIAM MATPHUITEI B),17 nosromy 3ddekruBHOCT hopmysibl (2.31) cHu-
JKaeTcs ¢ POCTOM YHCJIa HEHYIEBLIX 3JIEMEHTOB BEKTOpa p. B cBa3m ¢ 3THM
ucnosb3oBaTh dopmyiy (2.31) npemiaraercs JIMIIb B TeX CJydasiX, KOIJIA
3all0JIHEHNE p He O4YeHb Besqnko (ckaxkeM, He Gosiee 10%), a B OCTAIBHBIX
CIlydasX BBIYHC/IATD 9JEMEHTbI BeKTOpa &, KaK OOLIMHbIe CKaJIAPHbIE IPOU3-
BejieHUs CTOJIONOB N Ha BEKTOD p.

"I ruME «IMIIHEME> 3eMEHTAMH GyIyT, OUEBHIHO, SJEMCHTHI CIAHHYHOIO BEKTODA
ep, Tak Kak u3 dpopmyasl (2.29) cienyer, 4aro BTp=e,.
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3 Bpibop Heba3uCcHOIT TIepeMeHHO

B cooTBeTrcTBHUM ¢ TPUHITNNHAIBLHON CXeMOH CHMILIEKC-METOIa, PACCMOTPEH-
HO#T B KOHIIEe TIogpa3. 1.3, Ha 1mare 2 Tpebyercs BhIOpATDH IMOIXOISIY 0 Heba-
3UCHYIO IIEPEMEHHYIO (T )q, U3MEHEHIe KOTOPO B [OIyCTHMOM HAIIpaBJIe-
HIHI TIPUBOIAT K yJIy9IIeHuio (yMenbIenno) rejesoit bynxmam. '® C reomer-
PUYECKOl TOUKHU 3peHus BLIOOD HEOA3UCHO MIEPEMEHHON COOTBETCTBYET BbI-
60py pebpa MHOTOIPAHHOI'O MHOXKECTBa JoIycTuMbIX perrennii JITI-3a1ax1m,
UCXOJISIIETO W3 TEKYIIEl BEPIIUHBI, BJOJIb KOTOPOT'O UMEET MECTO YJLy IIeHne
1eJIeBoM (PyHKITNM.

Mycrs J C {1,...,m — m} — MHOXKECTBO UHJEKCOB HEOA3UCHBIX IMEpe-
MEHHBIX (% );, OTHOCUTEIbHA OlleHKA d; KOTOPBIX IMeET «HeIpPaBUIbHbIN»
sHak. Ecmu J # @, To TeKyIee 6a3ucHOE pelleHre He sIBJISIETCS ONTHMAb-
HBIM, U B 9TOM CJIydae B KauecTBe HeOA3UCHOM MepeMEHHON MOKHO, B IIPUH-
e, BHIOpaTh 10010 epeMennyto u3 J. Takum obpasom, mpobsiema BbIOO-
pa COCTOUT B NPUHSITUN PEIeHNs, KAaKy UMEHHO HeDA3UCHYIO ITepEMEHHY O
cJieJlyeT BhIOMpaTh Ha KaKJ0i UTEPAIUU CUMILIEKC-METO/IA.

B mamHOM pazmesne paccMOTpeHBI OCHOBHBIE CTpaTEernu BbIOOpa Hebasmc-
HOfl ITepEeMEHHO, oIy IUBIIIIE TPAKTUYIECKOEe IPUMEHEHNE.

3.1 IlpaBuio lanmnura

IIpasuno Janyuea |2] cocront B BEIGOPE MOAXOsAIIEH HEOA3UCHOI TTepeMeH-
HOI ¢ MAKCHMAJBHON IO abCOIIOTHON BeJMYNHE OTHOCHTEILHON OIEHKOIA,
T. €. IepeMeHHoi (N )q, /I KOTOpOii

d,| = dil. 3.1
‘q‘ r?g}dﬂ (3.1)

ITocko/bKy HpH M3MeHeHHH HeOA3MCHOIT HepeMeHHOil (X ); Ha BeJndn-
HYy § IeeBad PyHKINA U3MEHdAeTCs Ha BeJmInny d;s, To npasuio Janmmra
obecrieynBaeT HaubOJIbINIEE OTHOCUTEILHOE YIIyYIlIeHNE 1e1eBOi (PYHKIINU.

OCHOBHBIM TIPEUMYIIECTBOM IpaBuiia JaHiura sBisieTcs ero mpocrora,
IIO9TOMY OHO <BJIAETCA TPAJUIMUOHHBIM JIJIs1 Ta6.HI/ILIHOFO CHUMILJIEKC-METO/1a.
Onrako akTuIecKoe u3MeHEeHne 1eJIeBOi (DYHKIUHU [IPU [IEPEXO0JIe K CMEekK-
HOMY 0a3ucy oIpeessieTcss He TOJBKO OTHOCUTEIBHON OIeHKON BhIOpaHHOM
HeOa3MCHON MepeMeHHO, HO 1 (DAKTUIECKUM M3MEHEHINEM 3TO ITepeMeHHO1,
T. e. BeJMInHOM Oy (1.23), KoTOpast 3aBUCAT OT BLIOPAHHOI HEGA3UCHOI T1e-
pemennoii. I1pu sToM, Kak 1moka3bIBaeT IPAKTHKA, UCIOJb30BAHIE IIPABUIIA
Jannura npu perrennn peasbHbiX JIII-3a1a9 Bo MHOTHX CJIydsX ITPUBOJIUAT K
CYIIECTBEHHO OOJIBINEMY YHCIY UTEPaIuil CUMILIEKC-METO/1a, HeOOXOINMBIX
JIJIST TOCTU2KEHUsT ONTUMAJIBHON TOUKH, TI0 CDABHEHUIO C JIDYTUMU, MEHEe TPH-
BUAJIbHBIMU CTPATErUsIMU BBIOOPA HEOA3MCHON MTEPEEMHHOMN.

BTlockombKy HeGA3UCHBIE IIEPEMEHHBIE COOTBETCTBYIOT CTOJIOIAM TEKYIeil CHMIIIEKC-
Tabiuns! (1.8), TO JaHHYIO OIEPAIMIO YaCTO HA3BIBAIOT 66160POM CMOAGYA.
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3.2 Merox Haubosiee KpyToro pedpa

B cBoeit crarwe (8] I1. Xappuc (P. M. J. Harris) samerniia, 910 BO3MOKHOI
HpI/I‘II/IHOﬁ CJINIIIKOM MeﬂﬂeHHOI'?I CXOAMMOCTH CUMIIJIEKC-METOda IIPU UCITIOJIb-
30BaHUM TpaBuia Jlanmura sBisieTcst ero acuMmMerpus. JleficTBuTeIbHO, 3TO
IPaBUIO OCHOBAHO HA UCIOIb30BAHHU OTHOCHUTEIBHBIX ONeHOK dj. OxmHako
OTIEHKA, KOTOPAsl SIBJISTETCS MAKCUMAJIBHON 0 abCOTIOTHON BEJTMINHE C TOY-
KU 3pEHUs TeKyInero 6asmca y»ke MOXKeT He OBITh TAKOBOW C TOUKU 3PEHUs.
CMEXKHOTr0 0asmnca, IMOCKOJIbKY CHMILIEKC-Tab/IAIA IjIsi CMEXKHOTO Oa3mca mo-
JlydaeTcst B pesy/bTare JUHEHHOro npeobpasoBanus,'? koropoe He sBiIseTCH
OPTOI'OHAJIBHBIM, & 3HAYUT, HE COXPaHAET PAaCCTOAHUA U YIJIBI.

Yrobbl ycrpanuth ykazaunyio acummerputo, /1. Tombadap6 (D. Gold-
farb) u Txx. Pun (J. K. Reid) npemozkuim ncrons3osars memod naubosee
kpymozo pebpa (steepest edge) [9]. B coorBercTBumM € 3THM METOIOM IpEIa-
raeTcsd BbIOMPATH TY MOAXOMNAILYI0 HEDA3UCHYIO IIEPEMEHHYIO, JIJId KOTOPOii
HallpaBJIEHNE, OIIPEIE/IsIEMOE COOTBETCTBYIOMNM pebpoM, oOpa3yer HanboJiee
OCTPBIIl yT0JI ¢ HATIPABJIEHUEM AHTUTPAIUEHTa (B CJIydae MUHUMUABAINAN ) UJIH
rpajinenTa (B cirydae MaKCHUMU3AINN) T1eIeBOi (byHKITHIH.

OrnmunrenbHast 0COOEHHOCTh METOa HamboJiee KPyToro pedpa COCTOUT
B TOM, YTO YKA3aHHBIN yroJl U3MepsieTcsi B IIPOCTPAHCTBE BeeX (6a3uCHBIX U
HEeOA3UCHBIX) TIEPEMEHHBIX, a 3HAYHUT, HE 3aBUCUT OT TEKyIIero 6asmca, mo-
CKOJIBKY IIPOCTPAHCTBO BCEX IIEPEMEHHBIX OCTAETCs OJHUM M TE€M YK€ Ha IIPO-
TSYKEHUN BeeX mrTeparuii. B aTom cMbicsie mpasuio JlaHnura cooTBeTCTBYET
BBIOOpY pebpa MHOrOrpaHHHKA, KOTOPOe TakxKe obpadyer Hambojiee OCTPBIi
YTOJI C AHTUTPATMEHTOM (UJIH TPAMEHTOM B CJIyIae MAKCHMU3AIINN ) [eJIeBOil
GbYHKITHH, HO TOJBKO B MEKYUEM NOOINPOCMPAHCNGE HEOAZUCHDIT NEePEMEH-
HOLET, KOTOPOE 3aBUCUT OT TEKYIETro 0A3Mca U, CJIeJOBATENHHO, U3MEHSIETCS
Ha KaXKJIOH MTepauu, ITO MPUBOIUT K HOSBJIEHUIO ACUMMETPHUH.

Paccymorpum BBIBOZ COOTBETCTBYIOMNX (POPMY.I.

Omyckas niepecranoBounyto marpuily 11 B dhopmyse (1.11) s3amumenm Te-
KyTee Oa3MCHOE PelieHue B BUIE:

1‘0 = (.I'B;xN) = [(Z‘B)l,. cey (I‘B)m; ({13]\[)1, ey (.Z‘N)n_m}.

FeOMeTpI/I‘IeCKI/I TO4YKa .’I}O ABJIAETCA TeKyL[LefI BepH_II/IHOIU/I MHOT'OT'PaHHOI'O MHO-

JKeCTBa B MPOCTpaHCcTBe 6cex nepeMenubix JIII-3amagn. Homyctum Temeps,
9TO HEKOTOPasl HeDA3MCHAsI IlepeMeHHast (X ); MOy YnIa eUHIIHOE IPUPa-
IeHne, IPUYEM BCe OCTaJIbHbIe HeDA3UCHBIE TIepeMEeHHbBIE OCTAJINCh HEN3MEH-
ueivu. 13 (1.8) cieayer, 94To B pesysbrare HOJIYIUTCS CJAEIYIONas TOUKA:

o [(:EB);[ —l—flj, ey (SUB)m +§mj; (xN)l, ce, (.TN)]' +1,..., (J:N)n_m],

—_

rie £1j, -+ -, §mj — JIEMEHTEBI j-TO CTOJIONa TeKyIel CHMILIeKC-Tab bl =.
[TockosbKy yKazaHHasl CMeIIeHHasI TOYKa JIEXKUT Ha IPSIMO, MPOXOIsIeit

9310 npeobpasoBaHEe COOTBETCTBYET OJHOMY IIArY MCK/IIOYEHHsI Merojga Laycca—
?Kopana.
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Jepes3 pedpo MHOIOTPAHHOI'O MHOYKECTBA, COOTBETCTBYIOIIEro HEOA3UCHOIA I1e-
pemeHHOIl (Zx);, TO HaIIpaBJIeHHEe TOr0 pebpa COBIAIAET C HAIPABICHHEM
BEKTOPAa-IIPUPAIIECHUS:

Arl =27 — 2% = (&, ..., &mj;0,...,1,...,0), (3.2)

rJie eMHUIR PACIIOIOKEHA B MO3UIHA (TN );.
Hac MHTEPecyeT yrosl (; MeK/y Halpab/leHneM pebpa MHOI'OI'PaAHHOI'O
MHOXKecTBa Az’ u rpajgueHToM LeseBoil pyHkmuyu V z:

~ (Aa)TVz
053 = Aa V-] (33)
Jl1st mesteBoii GYHKINM UMeeM z = ¢! & = cgrp + CNEN, OTKYIA:
Vz=c= [(CB)I, ey (CB)m; (CN>1, ey (CN)n—m]' (34)

Bamerum, aro u3 ¢opmys (1.15) u (1.16) ¢ yaerom onpenenenust (1.9) cie-
ayer d = ey — NTB™Teg = ZTcp + cn. Iosromy, ncnosnsys GpopMyIist
(3.3) u (3.4), umeem:

(A2))TVz = &;(en)i+ (en); = E] es + (en); = dj, (3.5)

i=1

rae Z; — j-# crosber; TeKymeil CUMILIeKC-TaOmIp!, d; — OTHOCHTE/IbHAS
olleHKa Heba3ucHoOl repeMennoii (xy);. Iloncrapisis nasnee BbIparkeHne s
CKaJIsIPHOTO Tpou3sBejsierns u3 (3.5) B (3.3) OKOHUYATEJILHO Oy IUM:

dj

R 3.6)
1Az (

Cos ; =

rue

m 1/2
Az || = (ngj + 1) = (=g, + 1)V2, (3.7)

=1
V2] = lle] = (cTe)'/2. (3-8)

TTockombKy rpamuent 1eneBoit dyHkuu Vz = ¢ = const He 3aBUCHT
OT TeKyIero 6as3mca, To Jjisd IpUMeHeHUsI MeToa Hanbojiee KPyToro pedbpa
J0CTaTOYHO 3HaThb TOJIBKO OTHOCHUTEJIbHBbIC OIICHKU d] 1 HOPMBI BEKTOPOB-
npupamennit ||Az/||. TIpu sToM BBEIGOP Hamboee TOIXOAAIICH HeGa3UCHOL
HEePEMEHHOM (X)), OLUPENENSIeTCsl CIIELYIONIM IPABUIOM (CP. ¢ IPABHIOM
Hanrmwra n3 nonpass 3.1):

gl o Al |d;]
|Azd||  jes ||Axd|  jed (E?Ej—i—l)l/?

(3.9)
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B citydae TabIMMHOTO CHMILIEKC-METO/Ia Bhiaucienne HopuM || Ax? || ve Bbi-
3bIBAET 3aTPYAHEHNIl, OCKOIbKY CHMIUIEKC-TaOMHIa = = &;; JOCTyIHa B
SIBHOM BHJIE Ha Kak10il urepamnuu. OIHAKO, €CJIU UCIIOJIB3YeTCs MOJAUMPUI-
POBaHHBIIl CUMILIEKC-METOJI, BBIYHUCICHHE OTJ/IEIbHOrO CcTojI0na Z;, HeobXo-
JMMOTo s Berauciaenus ||Az’||, Tpebyer mpuMeHeHHs OIEpaIim MpPsSMOTo
upeobpazosarust (FTRAN). ITosromy npsivmoe BeIYnC/I€HNE YKA3AHHBIX HOPM
JUUIsT BCeX HEOA3MCHBIX TIEPEMEHHBIX XOTsI U BO3MOXKHO, HO SIBJISIETCS HEOTIPAB-
JIAHHO TPY/JI0EMKHM, M3-33 9€ro Takoil Crocob He HAXOJUT IPAKTUIECKOrO
[IPUMEHEHUSI.

Yro6bl u36aBUTHCST OT HEOOXOIUMOCTU $IBHOIO BBIYHCJICHUsS] HOPM BEK-
TOPOB-TIPUPAIIEHHI JIJIsT BCeX HeDA3MCHBIX MePEMEeHHBbIX Ha KayKJO0i urepa-
[[1M CUMILJIEKC-MEeTOJ1a, B pabore 9| ObLu mpejiozkeHbl hopMyJIbl iepecueTa
9TUX HOPM IIPH [epexojie K CMeKHOMY 6asucy (110 aHaJOrHU C I1epecdyeToM
KOMITOHEHT Ga3MCHOTO peleHust u3 mojapasi. 2.3). PaccMorpum BBIBOJL 9THX
dopmyir.

Beesem st yio6cTBa BEJIMIUHBL:

m
= lAd P =145 =14+> &, j=1,...,n—m, (3.10)
=1

U JIOIYCTHM, YTO JJI TEKyIIero 6asuca 3T BeJIMYUHBI y2Ke u3BecTHbl. [Jlo-
IIyCTHM TaKKe, 9T0 B CME’KHOM 0a3uce IepeMeHHast (T 3), CTAHOBUTCS Hebar-
3UCHOIA, & (X )q — OA3MCHOI, T. €. BEJYIIIM 3JIEMEHTOM CHMILIEKC-TaOJIUIIbI
apsgercs §pq. Hac unrepecyior opmyiinl nepecdera BeJIMHUH Y JJIs CMEXK-
Horo Oasuca.

PaccmorpuM BHawase mepecueT BETMYUHBI 7Y, JJIA BEJYIIEIO CTOJIONA
(j = q). Ucnonbsysi dopmy/bl nepecdera 3JeMEHTOB CHMILIEKC-TaOJIUIIbI
(1.33)—(1.36) u3 mogpaszzn. 1.4, nmeem:

2 N2
_1+Z§w—1+€pq+zgm_l+(€l> +Z(§q>
P4 izp \SPa

i#p
3aMeTuM, ITo:
) () 5 )
>(e 2 le,) e,
i i#p i#p
[IO9TOMY:
_ (1 &Gq\'_ 1 )
Tq = +Z ) 1+Zgiq ’
qu qu nq i

OTKYyJda OKOHYAaTEJIbHO CJIEAYEeT, ITO:
1

Y, = 2% (3.11)
Pq

28



PaccmoTpuM Teneph IepecdeT BEJIMYHH 7y, JIIs OCTAaJIbHBIX CTOJIOIOB
(J # q). CuoBa ucrosb3yst GOPMYJIBL IIEPECUeTa IEMEHTOB CUMILTIEKC-Tab 1~
et (1.33)—(1.36) u3 moxpaszs. 1.4, nmeem:

N 2 e N2
’Yj:1+szfj:1+§§j+z'f?j:1+<§m> +Z<§ij_§z§§pj> )
i i#p pPq itp pq

3aMeTum, 9To:
> (fz‘j - &ggpj)Q =>. (&j - &gépj)Z + (fpj - §pg gpj)Q =
i Pa itp Pq Pq
_ o giquj > ?
> (e-522)
MOTOMY::

v =1+ (fm) + Z (fz‘j - &q{m) =
Epq - &pg

)

— 14 (5103)2 Y <§iq§pj>2 2} §i&iglpj _
Epg : Epg P Epg

7 7

(1 + Z ?,) + <ZZ> (1 - Z 3,1) —2 (ZZ) Zgzjgiq.

_ fpj ? gpj
V=t (qu) Vg — 2 <€pq> Zfijqu-

Cymma E &ij&pq TIPEJICTaBIIACT CODOI CKaJIIpHOE IIPOU3BE/IeHNe j-T0 CTOJIO-

OTKyJla:

7
118, CUMILIEKC-TaOIAIIBL:
E; =Zej =B 'Nej = -B'N;
=i = =6 = J = J
I ee ¢-ro (BeiyImnero) cTosbna =g, IO9TOMY:
E: _wTe _(_p-lnyy= — _ NIRRT
gijgpq — —j—=q — ( B NJ)“q - Nj B —q-
i

Taxum 06pa3oM, OKOHIATEIBHO IIOJIYIaeM:

Vi =+ (2’:) Yy + 2 (Z‘:]) NI'B™TE,. (3.12)
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Ucnonbzosanue dopmysibl nepecuera (3.12) tpebyer aByx ornepaiuii 06-
parHoro upeobpazosanns (BTRAN) na kakmoit nrepanun MoauduImpoBa-
HOI'O CUMILIEKC-METOIA: OJHA OLEpalys Hy»KHa, JIJIsl BLIYUCICHHS JIeMEHTOB
BeJlyIell CTPOKM CUMILICKC-Tab/IuIb &) = (§pj),20 a BTOpasd — JJIsl BBIYUC-
JIEHUsI BEKTOPA B_TEq.

CﬂeﬂyeT OTMETUTb, YTO MHOFOKpaTHbeI mnepecdeT BEJINYNH ’)/j BcCIIeI-
CTBHUE OIINOOK OKPYTJIEHUs] MOXKET IIPUBECTH K 3HAUUTEHHOMY OTKJIOHEHHIIO
ATUX BEJIMYMH OT UX TOYHBIX 3HAUYEHUIA. r'ITO6I)I YMEHBbIIUTDL BJ/IMAHHE OIIU-
6ok OkpyriieHus, B pabore [3| mpemaraercs, BO-I€PBBIX, MCIIOJIL30BATH B
dbopmyite (3.11) He Tekyiee 3HAYEHUE Y, C MIPEAbLIYIIel nTepauu, a 6osee
TOYHOE 3HAYEHNEe TOI BEJIMYMHBI, BHIYUCIEHHOE HEIOCPEICTBEHHO 110 (op-
myste (3.10):

Yo =1+ & (3.13)

YTO HE BBI3LIBACT 3aTPYAHEHUII, MOCKOIBKY B CIydae MOAUQUITPOBAHHOIO
CHUMILTIEKC-METO/[a BeLymuil cTosiber Tekyeil cuMiuteke-Tabaumsl =, = (iq)
JIOCTYTIEH B IBHOM BHJIC. BO-BTOPBIX, MOYKHO 3aMETUTh, UTO:

2

_ ) ) —2 —2 Epi

%‘_1+Zfij_1+§m+zfz‘j21+§pj_1+(éi]) - (314
( i#p

Hosromy, ecitn BesecTBrE OMMOOK OKPYIVICHUSI 3HAUEHNUE 7, BBIYHCJICHHOE
no dopmyste (3.12), oka3bIBaeTCs MEHBINE, YeM MpaBasi 9acTh HEPABEHCTBA
(3.14), To B KauecTBe GoJIee TOTHOrO 3HAMEHUS 7, MPEJTATAETCS MCTIOTB30-
BaTh BEJMYUHY B IIPABOH 9aCTU YKA3aHHOI'O HEPABEHCTBA.

Jomnycrum, aro p-s1 (Begymias) cTpoka &, = (§p;) U ¢-it (Bemymuit) cros-
Gery 24 = (&q) TeKymIeil cuMILTIEKC-TabIMAIBI y2Ke BblYUCIeHbl. Torma mpak-
THYeCKas CXeMa Ilepecuera BeJUYHH 7; JJis CMEXKHOro Oasuca MoxKeT OBbITh
CJICLYIOILICH.

1. BeraucsuTs 60siee TOUHOE 3HAUEHME 7Y, JJId TEKyIIero b6asmuca:

m
_ Z 2
Yq = 1+ fiq'
i=1
2. Berauesimts BeoMoraTeIbHbIH BEKTOP, HCHOIL3Yst onieparmio BTRAN:
—_ pT=
u=B""Z5,.

3. Bemonmaute nmn. 4—6 g 5 =1,...,¢q—1,q+1,...,n—m.
4. BuraucauTh BCIIOMOTATEIbHYIO BEJIUINHY

rj = &pj/Epg-

2091 cTpoKa TaKKe UCIIOIB3YETCs /ISl MepecueTa OTHOCHTETBHBIX OIEHOK HeOA3MCHBIX
HepeMeHHBIX (CM. mogpas. 2.3).
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5. BeramcsimTh BcoMoraTeabHOe CKaJIIPHOE IPOU3BEICHIE:
AT
sj = Nj u,

rae N;j — j-it cronben marpunp! N, T. . cToa0en MaTpullbl KoadduuuenTos
orpaHnmYenuii A, cooOTBeTCTBYOIINI HeOA3UCHOM HepeMeHHOi (TN );.
6. Beraucsnrs BemiuHy 7, Jyls CMEKHOrO basnca:

;= max(y; + 137 + 2rjsj, 1+77).

7. Berancsnnre Besmuuny 5, Ui cMeKHOIO Oasuca:

Vq = ’Yq/é’gq .

[Mocnenmee 3amevdanne KacaeTcst HCIOJIb30Banus npasuia (3.9). Yrobol
n3bexkaTh M3BJIEUEHUsT KBAJAPATHOTO KOPHs MJIsI BHIOOpa HeDa3MCHON Imepe-
MeHHOIT (TN ), 0 MeToIy Hambosee KPyTOro pebpa, MOXKHO HCIOIBL30BATDH
9KBUBAJICHTHOE IIPaBUJIO:

& 4
— = max —. (3.15)
Vg IS

[IpakTuvaeckoe perienne 3a1a4 JIUHEHHOTO ITPOIPAMMHUPOBAHUSI C UCITOJThb-
30BaHUEM MeTO/1a HamboJsiee KpyToro pebpa B OOJBIIMHCTBE CIyYIaeB MIPUBO-
JUT K CyIIECTBEHHOMY COKPAIIEHHMIO YHCJIa MUTEPAIdil CHMILIEKC-METOIa 110
CPaBHEHHIO CO CTAHJIAPTHBIM IIPABUJIOM BBIOOpa HEDA3UCHBIX MEPEMEHHBIX,
1 KaK CJIEJCTBHE 9TOr0, K YMEHBIIEHUIO ODIIEro BPEMEHH PEIeHUs JTaKe C
ydeToM TOro, 9To Ha Ka.)KﬂOfI nrepanun MpuxXoauTbHCA BBIIIOJTHATL JOITOJIHN-
TeJbHbIE BBIYUCIICHUSI.

Opnrako Meroy HamboJiee KPyTOro pebpa HMMeeT OJUH CyIIeCTBEeHHBIH
MIPaKTUIECKU HegocTaToK. Kak y»ke ObLIO OTMEYEHO BBIIIE, MHOTOKPATHDIH
nepecdeT BeJIMYUH ’}/J Ha Ka}K,ZLOfI nrepamnnuu CUMILJIEKC-METO/a MOZKET ITpuBe-
CTH K 3HAYUTEJILHOMY OTKJIOHEHUIO 9TUX BEJIUYNH OT UX TOYHBIX SHAYCHU
BeJiesicTBUE OMUOOK OKpyrieHusi. [loaToMy B KaKONH-TO MOMEHT MOXKET BO3-
HUKHYTH HEOOXOIMMOCTD IIPSIMOTO BBIYUCJIEHUSI STUX BEJIMIUH JIJIsT TeKYIIe-
ro 6asuca HenocpeacTBeHHO 1o (opmyiie (3.10), st gero TpedyeTcst BbIYUC-
JINTH 6Ce CTOJIOIBI TEKYIIEH CUMILIEKC-Ta0IUIbl. C IPaKTHIeCKOi TOUKHI 3pe-
HHS 3TO ABJISIETCsI HEIIPHEMJIEMbBIM, TaK KaK B CJIydae MOAU(MHUIINPOBAHHOIO
CHUMILJIEKC-METO/Ia BBIYUC/ICHUE OTHOTO CTOJIOA CHMILIEKC-Ta0 IUIbl TpedyeT
BBINIOJIHEHUST OJIHOM omeparuu psiMoro npeobpazosanust (FTRAN).

AHajioruvHast CHTyalls BOSHUKAET U [IePe]] BBIIIOJIHEHUEM CAMOU [TePBOi
UTEPAIIH CHMILTIEKC-MeTOJIa, KOT/[a BeJIMUINHEL 7, ellle He n3BecTHbl. Mcmosn-
soBanue Gopmysibl (3.10) He BbI3bIBAET 3aTPY/IHEHUI JIHUIIb B €JMHCTBEHHOM
c/lydae, a IMEHHO, KOT/[a HAYaIbHBIN 0a3UC MOJTHOCTHIO COCTOUT U3 BCIIOMO-
raTeJbHbIX HePeMEeHHBIX orpanmdenuii?! (T. e. Korja Bce HCXOIHBIE CTDYK-
TypHBIE IT€PEMEHHbBIE SIBIIAIOTCS HEOA3NCHBIMMI), IMOCKOJBKY B 9TOM CIIydae

21 Bresienne BCIIOMOTraTeILHBIX HEOTPHIATEIBHEIX MITH HEIOIOKITEIbHBIX TEePEMEHHBIX
B OUpaHUYIEHUs 33149 SBJISAETCS CTAHIAPTHON TEXHUKON Mpeobpa30BaHMs HEPABEHCTB K
BUJY PaBEHCTB.
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B =1, tak uto £ = —B7!N = —N. Oanaxo cTaHjapTHBIi HaYaIbLHbIT
0a3uc sBJISIETCS B HEKOTOPOM CMblII€ MCKJIIOYEHHEM, ITOCKOJIbKY BCE COBpe-
MeHHBIE MTaKeThl JTUHEHHOTO MPOrPaAMMUPOBAHUS UCHOJB3YIOT T€ WJIN WHbIE
MIPOIEIyPhI JJisi (POPMUPOBAHUS MEHEE TPUBUAJILHOI'O HAYAJILHOTO Oasuca.
To ke camoe OTHOCHTCS M K MOBTOPHOW ONTUMU3AIUU, HAIIPUMED, [IPU UC-
MTOJIb30BAHUM TEXHUKU T'€HEPAIUU CTOJIONOB, T/ie HAYAJIbHBIM 0a3MCOM CIIy-
JKUT ONITUMAJIBHBIN 6a3UC peayIupoBAHHON 38 a4,

3.3 Ilpoeknmonnblii MeToa HauboJiee KPyTOro peopa

Ipoexyuornoiti memod Haubosee KpYymozo pebpa SBISTETCS PA3BUTHEM METO-
Jla HamboJsiee KPyToro pebpa, pacCMOTPEHHOTO B MPEJBLIYINEM TOApa3ieie.
OcHoBHASI BJ€sT 9TOTO METO/[A COCTOUT B TOM, YTOOBI H3MEPSTE yIUIbI j (3.3)
HEe B MIPOCTPAHCTBE BCEX TEepeMeHHBIX K™, a B HEKOTOPOM TO/NPOCTPAHCTBE
V C E™, HAa3BIBAEMOM 3MAAOHHDIM, KOTOPOE TAK>Ke OCTAETCS HEM3MEHHBIM
Ha TMPOTSKEHUH JIOCTATOYHO OOJIBIOTO UHCIa UTEPaIyii CHMILIEKC-METO/IA.
Jpyrumu cjoBamu, B 9TOM MeToze BMecTo (Gopmysbl (3.3) UCHOIB3yeTcst
dopmyna: '
(Azi,)TVzy

v (3.16)
[Azy [|[[Vav]]

S¥; =
rae Az{, u Vzy — IPOEKINH, COOTBETCTBEHHO, BEKTOPOB Azd u Vz na sta-
Jioruoe nogpocTpancTso V. [Ipu 3ToMm ¢ mpakTuveckoit TOUKN 3peHust Hau-
60J1e€ TIOIXOISIIIINM STAJIOHHBIM TTOITPOCTPAHCTBOM SABJISAETCS KOOPIUHATHOE
noONPOCMPANCME0, ONPEJIEIIeMoe HeOA3UCHBIMU EPEMEHHBIMI HA HEKOTO-
pOit TPOU3BOJILHO BHIOPAHHON MTEpAINN CHUMILIEKC-METO/IA.

Ipumeuarue. IIpaBoMOYHOCTDL BBIOOPA TOANPOCTPAHCTBA HEDAZUCHBIX
MMEPEMEHHBIX B KATECTBE STAJOHHOTO UMeeT cjeayiomee obocHoBanue. [1pn
paccMoTpeHnr TabJIMYHOrO CUMILIEKC-MeToa (eM. 1moapas. 1.4) 6b110 oTMe-
9eHO, 4TO IpeobpasoBanHas 3a1ada (1.25)—(1.28), umeromas MecTo Ha OT-
JIEJIHHOM UTepaIun CUMILIEKC-MeTO/1a, 9KBUBajenTHa ucxoaHoi JII1-3amaue
(1.1)—(1.3). Ecam uckiounTsb GasucHble I€peMeHHbIe U3 IPeodpasoBaHHOI
3aJIa4N, TO MBI TIOJTYIIM CJIEIYIONIYIO Pedyuuposantyio 3a1ady:

z=d zn + dy — min

Ilp <Exn+g<up
INn <zy <uny

DTa peayupoBaHHas 3a/1a9a, OYEBUIHO, TAKYKe SKBUBAJIEHTHA UCXOIHOMN 3a-
Jade, HO BKJIIOYAET TOJIbLKO HeDA3UCHDBIE ITePEeMEHHBbIC UCXOIHON 3aatu, KO-
TOpbIE MOYKHO PaCCMATPUBATL KaK OOBIYHBIE IEPEMEHHDBIE PEIyIINPOBAHHOMN
zagaqau. TakuM oOpa3oM, IPOCTPAHCTBO BCEX MEPEMEHHBIX PEIyIIUPOBAHHOM
3aJa9d — ITO MOAIMPOCTPAHCTBO HEOA3MCHBIX MTEPEMEHHBIX MCXOIHON 3a1a-
i, BRIOPAHHBIX HA COOTBETCTBYIOIIEH uTepamuu cuMmiiiekc-meromna. Cremno-
BaTeIbHO, METOJ Hanbojiee KPyTOro pedbpa B IPOCTPAHCTBE BCEX TIEPEMEHHBIX
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MPUMEHUTEHHO K PEIYyIUPOBAHHON 3a/jaue SKBUBAJIEHTEH MPOEKITMOHHOMY
MeTO/y HamboJiee KPyToro pebpa B MOAIMPOCTPAHCTBE HEOA3NUCHBIX TTePEMEH-
HBIX TPUMEHUTEHHO K MCXOIHOM 3a/1ade.

Paccmorpum BBIBOJL COOTBETCTBYIONIX (POPMYJI, MOJIATAsT, ITO BEKTOD-
npupamenne Azl mveer sug (3.2).

IIycte V' — sTayioHHOE KOOPIMHATHOE IMOIIPOCTPAHCTBO MEPEMEHHBIX,
KOTOPO€ TEPBOHAYAJILHO (T. €. Ha HEKOTOPOI MPOM3BOJILHO BHIOPAHHON WTe-
paIyu CUMIIJIEKC-METOJIa) COBIAIAET € MOAIPOCTPAHCTBOM HEOA3UCHBIX II6-
pemeHHBIX. OmpeeinM CIeTyIoNHe BCIOMOTATEIHHBIE BETUIUHBI JJIT TEKY-
mero basucas:

[ 1, ecm (zp)i€V

i = { 0, ecmu (zp); €V (3.17)
1, ecm (zn); €V

05 = { 0, ecmu (zn); €V (3.18)

Omnyckast nepecranoodnyio Marpuiy II B dopmyse (1.11), MoxkuO cun-
Tarh, uto Azl = (Azly; Az’y) u Vz = (Vzp; Vzy), rae nogsexropbl Azl 1
V ZB COOTBETCTBYIOT GA3MCHBLIM IIEPEMEHHBIM T g, a II0J[BEKTOPLI Aasgv uVzay
COOTBETCTBYIOT HeOA3HCHBIM HepeMeHHBIM T . [103TOMy IPOEKINH yKa3aH-
HBIX BEKTOPOB Ha HOJIPOCTPAHCTBO V GyIyT paBHLL:

Aa:{/ = (nAx%; (SAl’g\[), (3.19)

Vzy = (nVzp;dVzy), (3.20)
rae n = diag(n;), 6 = diag(d;) — nmaronamsusre (0,1)-marpuipt. (Apyravu
CJIOBaMH, IPOEKIUsS BEKTOPA Ha IIOAIPOCTPAHCTBO V' MOJIydaeTcs B pe3yilb-
TaTe 3aMEHBl HyJIsIMH T€X €r0 KOODJIMHAT, KOTOpbIe He BXOZAT B V.)

O6parnmcst BHaYase K CKaJISIPHOMY IIPOM3BEJICHUIO B THCIUTEIE (POPMY-
st (3.16). Ucnonbsyst coorromenust (3.19) u (3.20), a Tak»Ke yIUTBIBasL, 9TO
n'n=nnéT§ = 4§, nomyanm:

(Az])TVzy = (Aal) 0 nVzp + (Axly) 676V 2 = 1)
j .
B

= (A2 TV zp + (Aa:gv)Tév,zB = (A2 TV zy.

B smo6om 6asuce ucxonnast nenesas dyukius (1.1) sKkBuBajieHTHA 11€5TI€-
Boit yHKIIN mpeobpaszosamHoil samaun (1.25).22 CrenosaTebHo, TpH Hc-

2Menenyro byuxmuio npeobpasosannoit 3agaau (1.25) MOXKHO MOSYYUTH BHIYHTAHE-
€M U3 WUCXOMHOMU IIesIeBO# (DyHKITIH (1.1) JIMHEHHOW KOMOMHAIINKA OTPAHUYIEHUA-PABEHCTB
(1.2), ecu B KadecTBe KO3(MDMUIUEHTOB ITOH JIMHEHHONH KOMOMHAIMH UCIOIb30BATH CAM-
IJIEKCHBI€ MHO>KUATEJIN T; ( 1.16). 3ameTnM, 9TO KO3 MOUIINEHTHI OTIETBHOTO OTPAHUIEHUSI-
PaBEHCTBa OIIPEAEJIAIOT BEKTOP, OPTOIOHAJIBHBIA K IIJIOCKOMY MHOXKECTBY (a(beI/IHHOMy
IIOANIPOCTPAHCTBY) TOUYEK, YJIOBJIETBOPSIONIMX CUCTEME OrpaHudeHuii-pasexcts (1.2), mo-
9TOMY JIMHEHHAsT KOMOWHAIIUST TAKMX BEKTOPOB TaKiKe OyIeT 00Ja1aTh 3TUM CBONCTBOM
oproronajbaocTr. OTCIONA CIIEAyeT, 9TO IPAJINEHThl SKBUBAJEHTHBIX HEJEBbIX (DYHKIIHI
OTJINYAIOTCA APYT OT JApyra JIUIIb 3TOH OPTOrOHAJIBHOI COCTaBJISIONIEH.
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nosb3oBanun (opmyiist (3.16) Mbl BpaBe cuuTaTh, YTO HAYMHAS C TO UTe-
panun CHUMILIEKC-MEeTOa, KOTIa BBIMOJIHSAETCS (PUKCAIUST STAJOHHOTO ITOI-
pOCTPaHCTBa V, MBI BMECTO MCXOIHOI IesreBoil GyHKIHU z = cla + cg
UMeeM JIeJIO C 9Keusasenmmol 1eaeBoil dyHKImel mpeodpa30oBaHHON 3a1a-
yn z = dlay + dy [uIs yKa3aHHOH HAYAIbLHOH HTEpAINN, KAK €CJH Obl
HUCXO/IHOM OblLIa 9Ta SKBUBAJEHTHAs IejieBast pyHKIMsI. [IoCKOIBbKY ke Ha
STON HavajubHON mrepanuun 6 = diag(d;) = [ (eauHHMYHAs MAaTpHIA), TO
Vz=Vzy = (0;d), orkyna ¢ yaerom (3.5) cieiyer, 9To

(A TV 2y = (A29)TV 2 = dj. (3.22)

BaykHo 0TMeTHTD, 4TO oTHOCUTe bHbIe onenkn d; = (Ax?)Vz jyist nexos-
HOIl 1eJIeBo#l PyHKIUN 2 = L+ cond; = (Aa:j )TVZV JITA 9KBABAJIEHTHON
1eJsieBoit pyHKIUN 2 = dT N +do (e d m x OTHOCSATCSI K UTepPaIn, Ha KO-
TOPOI TPOUCXOIUT (DUKCAIIUS ITATOHHOTO HOAIIPOCTPAHCTBA) OYAYT OJHUMI
U TEMU K€ Ha BCEX MOCJIELYIONUX NTEPAIUAX CUMILIEKC-METO/Ia BCIEJICTBUAEC
SKBUBAJIEHTHOCTU TeJIeBbIX (byHKIMiA. [TosToMy s1jisi BBIYMCIEHUs] OTHOCH-
TEJbHBIX OIEHOK j, KOTOPBIE OTHOCSATCH K SKBHBAJEHTHON Iie/IeBOil (byHK-
[U¥, HUKaKas 3aMeHa Ko OUIIMEeHTOB NCXOMHON 11e1eBOit (DyHKIMH HE Tpe-
Oyercs.

[MoscranoBka cKaJsipHOTO IIpousBe/ieHust u3 (3.21) B uncauresns dhopmy-
bl (3.16) ¢ yuerom (3.22) gaetr cielyolee BbIpayKeHHe JIjisk HHTEPECYOIIEro
Hac yriia (IOJ4epKHEM, YTO Telepb Mbl PACCMATPHBACM YIOJI MEXK/LY IPOCK-
upeii Bekropa-upupamenus [|Azy, || u npoexuueii rpauenra | Vzy || oxeusa-
AeHmHol 11e1eBol (DYHKIMH, 9TO OJHAKO HE MEHSIET CYIIEeCTBa JIEJIa):

d;

—d (3.23)
Az || Ve |

S(pj:

Tax xkak Vz = const u sTaj0oHHOE TMOAMPOCTPAHCTBO V' HE 3aBUCUT OT Te-
Kymero Gazuca (ocraercs Hem3MeHHBLIM), To Vzy = const.?? Tlostomy mis
IIPOEKIIMOHHOIO MeTOa Hanbojiee KpyToro pedpa BbIOOD HanbOIee MOIX0 s~
mieit HeOa3UCHOI IepeMeHHOIT (), OIIpeessaeTcst CAeAYIOMIM IPABUIOM:

% = max Lj‘,, (3.24)
Az || Ged || A
KOTOPOE sIBJISI€TCsT aHAIoroM pasuia (3.9) jyist 06bIMHOro MeTo/a Hanbotee
KpyToro pebpa (cM. moapas. 3.2).

Ilepeiiem Temeph K HOpMaM IPOEKINI BEKTOPOB-IIPUPAIIEHUN Ha dTa-
JIOHHOE TToAIIpocTpancTBo. M3 dopmysn (3.2) u (3.19) cremyer, uro

Al’{/ = (nl{lja e ,nmfmj; 0, ey 5]‘, N ,O), (325)

230ueBnno, uro Vz = V2 B COOTBETCTBHHI C ONPEJIEIEHHEM JaHHOIN 9KBHBAJIEHTHOI
1e1eBoit (OyHKIIHH.
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OTKY/da:

m 1/2 1/2
i (T ra) - (Tars) . om

=1 1€ER
rne R={i:n =1} = {i : ()i € V} — MHOXKeCTBO HHJEKCOB OA3UCHBIX
[IePEMEHHBIX, [IPUHAJJIEZKAIIUX ITAJTOHHOMY IIOJ[IIPOCTPAHCTBY.
Beegem gyist y06cTBa BEMIHHBL:

vi= AP =6+ & j=1,....n—m, (3.27)
i€ER

KOTOpBbIe aHajaorngubl Beananaam (3.10) B 06braHOM MeToe Hambosee Kpy-
TOrO pebpa, U JOMYCTUM, UTO JJIsI TEKYIIero 6a3mca 9TH BEJUTUHBI yKe 13-
BecTHBL. JloIycTHM Tak>Ke, 9TO B CMEKHOM Oa3rce IepeMenHast (L), CTaHO-
BUTCs HeOA3UCHOM, a (X ), — OA3UCHOIL, T. €. BEYIIIM 3JIEMEHTOM CHMILIEKC-
Tabmunbl ABigercs §,y. Hac unarepecyror dbopmMybl nepecueTa BeJIUUNH 7,
JIJIST CMEXKHOTO bazuca.

Paccmorpum BHavasie mepecder BeTMYHHEBI 7Y, JJIs BEJYIIETO CTOJIONA
( = q). B coorBercrBum ¢ (3.27) umeem:

_ = —2
Ty =04+ Y &y
i€R
Tak xak B cmexkHOM 6azuce (Tp), u (TN)q MEHSIOTCA MECTaMU, TO 7, = Jg,
dg = np 1 R\{p} = R\{p}. [osromy:
Vo =00 +Tiplpg + D Eg=1p+0aCpq+ > &
i€R\{p} i€R\{p}

Ucnonbayst bopmysier nepecyera (1.33)—(1.36), momyuanm:

1\2 13 2
wenen(d) 3 ()"
R ey N7

e 3, (6)
<§pq T]p+ Z épq 7

icR\{p}

3aMeTum, 9To:

) ()
2(5 &) "

IIO9TOMY:

i€R\{p}

B 1)? ANER! )
= (o) () - o (6 e,
é-pq icR qu gpq iCR

OTKya cJjieayeT, 9To:
_ 1
Pq
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PaccmoTpuM Teneph IepecdeT BEJIMYHH 7y, JIIs OCTAaJIbHBIX CTOJIOIOB
( # q). B coorsercruu ¢ (3.27) nmeem:

_ < =2
7 =05+ )&y
i€R
Hockoubky j # ¢, TO J; = &;. Kpome Toro, Kak yzKe GbLIO OTMEUEHO BbilIe,
M, = 6 m R\{p} = R\{p}. [losromy:
_ = =2 =2 =2 =2
V=0 Myt D Gy =0+ Y &
i€R\{p} ieR\{p}
Ucnonbayst bopmysier nepecyera (1.33)—(1.36), nomyuanm:
_ &) Eigoi \’
yj:5j+5q<§m + Z §ij — ng
pq i€R\{p} pq

3aMeTum, 9To:

e N2 A\ 2 e N2
Z <£’LJ _ glqu]> — 77p (gp] _ gpqu]) 4 Z (5@] _ glquj)
gpq qu ‘Spq

ek icR\{p}

_ L 5iq§pj>2
> (&; o)

icR\{p}

II03TOMY:

N 2 e N2
Vj =05+ 0 <§m> + <£m’ - &qu]) -
Epg Py Epg
= 0; + 4, <§Z> +3 ey <£§f:ﬂ) 2} Efﬂifm _

i€ER i€ER 1€ER

(5 +Z@J) (52) <5q+253q> -2(Z) et

1€ER i€ER i€ER

OTKYZa CJIeJIyeT, UTO:

7]' =75+ <€P]) Yq — (§p]> nggzq
qu épq

i€ER

m

Cymma g &ii&iq = E &ijNi&iq MPeJCTaBIsgeT coOOll CKaIaApHOe IIpou3Be/ie-
i€R i=1

Hue j-ro crosbia cumiuiekc-Tabmmnpt 25 = (&;;) = —B~IN; u Bekropa HZ,,
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rae =24 = (&g) = —B_qu — ¢-it (Bemymuii) crosber; CUMILIEKC-Tab HIIbI,
H = diag(n;) — nuaronajbHast MATPUIA, COCTABJICHHAST 13 BeanduH 1; (3.17).
[TosTomy:
=T (7= T T 77—
> &ijkiq=E] (HZ,) = —N] BTHE,.
1€ER

Taxum 06pa3oM, OKOHIATETHHO Oy TaeM:

Vi =+ (Z;) Yo +2 <§Z> N/'B THZ,. (3.29)

MoxHo BuzieTh, uro dbopmyssl nepecdera (3.28) u (3.29) coBnajaior c
anasornaHbiMu popmynamu (3.11) n (3.12) st 06bMHOrO MeTona HAnbo-
Jiee KpyToro pebpa. Enuncreennoe oTimdne COCTOUT B TOM, UTO B popmyJie
(3.12) obpaTHOE MpeodbpazoBaHue IPUMEHSIETCST HEIIOCPEICTBEHHO K BEJLyIIe-
My CTOJIOIY CHMILIEKC-TabJnIbL 24, & B dopmyie (3.29) — k BekTopy HE=q,
KOTOPBIii MOJIyYaeTCsl 3aMEeHON HEKOTOPDIX 9JIEMEHTOB BEJIYIIEro CTOJIONa Hy-
gsmu. Takum obpazoM, oba MeTo/a UMEIOT OJWHAKOBYIO BBIYUCIUTEHLHYIO
TPYJIOEMKOCTb.

Kak u B ciry1uae 06bI9HOTO MeTo/1a HanboJiee KpyToro pebpa, MHOTOKpaT-
HbIl TIepecder BeawduH 7y; 10 dopmynam (3.28) u (3.29) Moxker mpuBecTH
K OTKJIOHEHUIO 3THX BEJIMYUH OT MX TOYHBIX 3HAYEHHUH BCJIEJICTBUE ONMOOK
okpyrienus. [TosTomy, 9T00bI yMEHBINIUTE BIUSHAE TAKAX OMIUOOK, MOYKHO
OPUMEHSITh TY K€ TeXHUKY, 4To u panee. Tak, B dopmyie (3.28) pekomen-
JIyeTcsl HCIIO/Ib30BaTh He TEKyIlee 3HAYCHNE Yq C IIPEbIILyIell nTepamnn, a
6oJiee TOUHOE 3HAYEHUE STON BEJUIMHDI, BBIYUCIECHHOE HEIOCPEJICTBEHHO 110
dbopmyse (3.27):

Yo =0q+ )& (3.30)
1ER

Kpowme Toro, M0KHO 3aMEeTUTD, UTO:

= —2 —2 —2
v; :5j+Z§ij:5j+5q§pj+ Z §ij =
icR i€R\{p} (3.31)

2 i\’
95 + 5quj = 0; + (;J) :
pq

Taxum obpasoM, eciu BesieJCTBHE OMMOOK OKPYIVIEHHs! 3HAYEHHUE 7, BbI-
quciaentoe mo dopmyse (3.29), okasblBaeTCs MEHbINE, YeM I[paBasi 9acTb
HepasencTBa (3.31), To B KauecTBe 60JIee TOTHOTO 3HATCHHST 7Y ; IMEET CMBIC]T
HCTIOIL30BATD BEJIMIUHY B TIPABOH JaCTH YKA3aHHOTO HEPABEHCTBA.

Jomycrum, arto p-s1 (Begymiast) cTpoka &, = (&p;) U ¢-it (Bemymmit) cros-
Ger =4 = (&) TekymIei cuMILTIEKC-Tab/NIIbL y2Ke BhrauceHsl. Torga mpakru-
YecKasl CXeMa IIepecteTa BeJIMINH y; JIId CMEXKHOro 6a31ca B COOTBETCTBHIH C
ITPOEKIIMOHHBIM METOIO0M Hanbojiee KPyToro pebpa MOKeT ObITh CJIe Iy IOIIeit.

v
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1. BerauciuTe 60iee TOUHOE 3HAUEHME 7Y, JJId TEKyIIero 6asmca:
_ Z 2
Vg = 5‘1 + giq'
1€ER
2. Beraucsinth BCroMoraTe/ibHbIA BEKTOD, UC0Jb3yst oneparmio BTRAN:

u = B_T(HEq)u

rie H = diag(n;) — aumaronanbHasi MaTpuIia, COCTaBJICHHAsS U3 BEJUYUH 1);.
3. Bemoanuts nt. 4—6 nng j=1,...,q— 1,9+ 1,...,n—m.
4. BblUUCIUTD BCIOMOTATEIBHYIO BEJTMIUHY:

rj = &pj/Epg-
5. BbI‘{I/ICJH/ITI) BCIIOMOTr'aTe€JIbHOE CKaJIsIpHOE ITPOU3BEICHUEC!:
AT
sj = Nj u,

rae N;j — j-it cronben marpunsl IV, T. €. crojben MaTpuibl KoaddunuenTos
orpanmdennii A, coorBercTByoONMil HEGAZUCHOIT TepeMeHHOM (T );.
6. BeraucsmTs Bemuny 7, JJ1s CMEKHOrO basnca:

y; = max(y; + r]2-7q + 2755, 6; + 5qr]2-).

7. Boraucjmrb BEJIMINHY 7{1 JJIgd CME2KHOTI'O basuca:

=~ _ 2
’Yq - ’YQ/gpq' n
IMocrentee 3aMedanie KacaeTcsl UCIOIb30Baust paBuia (3.24). Yrobsl
, j 1/2
HE U3BJICKATH KBaJIPATHLI KOPEHb JJIst BHIMUCICHHE HOPMBI ||A{, | = 'yj/

pHu BeIOOpe HEOA3UCHOIT IEPEMEHHOM (TN )q, MOKHO UCIOJIb30BATH SKBUBA-
JIEHTHOE IPABUJIO, KOTOPOE COBIaaeT ¢ npasmioM (3.15) u3 mogpasm. 3.2:
d; 4j
— = max —. (3.32)
Vg  IES
IIpoexmmonnbrit MeTo HambOIEE KPYyTOro pedpa MMeeT Te 2Ke IOJIOXKU-
TeJIbHbIE CBOWCTBA, UTO U OOBIYHBIN MeTOJI HanboJyiee KPyToro pebpa B mpo-
CcTpaHCTBe BcexX mepeMeHHbIX. OJIHAKO BO3MOXKHOCTB NEPEONPEIEACHUA ITa-
JIOHHOT'O TIOJIIIPOCTPAHCTBA Ha JIIOOON UTepaIlinu CUMILIEKC-METOIA TI03BOJISET
n30aBUTHCS OT OCHOBHOT'O HEJOCTATKA, IIPUCYIIETO OOBIYHOMY METOJYy Hau-
boJiee KpyTOTrO pebpa M CBA3AHHOIO C HEOOXOAMMOCTBHIO BBIYHMC/IEHUS] BCEX
CTOJIOLOB CUMILIEKC-TA0JIUIIbI.
Hawanbnoe onpeesienne (MHUIUAIA3AINS) U IEPEOIPEICICHAE STATOH-
HOTO MOJIITPOCTPAHCTBA BO3MOXKHBI Ha JIFOOOI UTEpAIMN CUMILIEKC-METO/Ia
U COCTOAT B TOM, YTO ITAJOHHBIM ITOIIPOCTPAHCTBOM CTAHOBHUTCH TEKYIIEE
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MTOJIIIPOCTPAHCTBO HEOA3UCHBIX IIEPeMEeHHBIX. B cooTBeTcTBUEN ¢ hopMyiaMu
(3.17) u (3.18) sro oznavaer, uro 1; = 0 mius Beex i = 1,...,m (a 3HauwrT,
R=0)ud; =1nnascex j =1,...,n—m. Takum 06pa3zom, Kax 3T0 cjeyer
u3 (3.27), cpasy 1ocjie MHUIUAJIN3AIUE UM [epeolpeieieHusl TaJIOHHOTO
HOJIIPOCTPAHCTBA UMeeT MecTo v; = 1 jia Beex j = 1,...,n —m.

TTockombKy MPOEKIIMOHHBIN MeTO I, Hanbojee KpyToro pebpa OCHOBaH Ha
U3MEPEHUN YIVIOB B IIOJIIPOCTPAHCTBE, & HE BO BCEM IIPOCTPAHCTBE IIepe-
MEHHBIX, TO BpeMsi OT BpeMeHu (Hampumep, depe3 kaxkipie 500 mmu 1000
UTEepaIii CHMIIJICKC-METO/[a) PEKOMEHJIYeTCs BBIOJHATH II€PEOIPE/IC/ICHIE
9TAJIOHHOT'O ITO/IIIPOCTPAHCTBA..

B zaksioyenne orMeTuM, YTO NPOEKITMOHHBIA MeToJ| Haubojee KPyTOro
pebpa o CyIIecTBY COBHAJAET ¢ METOJIOM orennBanusi Devex [8] (em. mos-
pasj. 3.4). OCHOBHOE OTJIMYKE COCTOUT B TOM, UTO B JIAHHOM METOJIE BECOBbIE
MHOXKHUTENN 7, (3.27) ImepecunThIBAIOTCS TOYHO, KaK 3TO OBLIO IPEJIOKEHO B
crarbe [10] X. I'punbeprom (H. J. Greenberg) n Txx. Kasanowm (J. E. Kalan),
a B MeTozie Devex UCIIOJIb3yeTcst UX JIOCTATOYHO Ipybast arrpOKCHMAIIHS.

3.4 Metona onilennBanusa Devex

Memod ouenusarus Devexr — 310 MeTos BbIOOpa HEOA3UCHON MEPEMEHHOI,
KoTopbIii Obu1 mpesyiozken 1. Xappuc (P. M. J. Harris) npu paspaborke
cucrembl Devex [8]. Xappuc nepsoii obpaTuia BHUMaHHE Ha aCHMMETDPUIO
npasmiia Jlannura u UCxo/sd U3 SMIMPUIECKUX COOOPaKEHUl IpeJIoKIIIa
U3MEPSITH YTOJI MEXKJTy BHIOMpaEeMbIM HAIIPABJIEHUEM U T'PAJUECHTOM I€/I€BOI
bYHKIMM He B TEKYIIEM IOAIPOCTPAHCTBE HEDAZUCHBIX HEPEMEHHBIX, KOTO-
poe U3MEeHsieTCsl Ha KaxKjoii urepaiuu, a B (DUKCUPOBAHHOM (3TAJOHHOM )
ITOJIIPOCTPAHCTBE.

Uctopudecku meroy oneHnBanusi Devex ObLT IIEPBBIM METOJIOM BBIOOpA
HeGA3KMCHON [IepeMeHHOli, B KOTOPOM HCIOJIb3YeTCsl ujlest ITaJIOHHOIO (Hems-
MEHHOI'0) MOJIIPOCTPAHCTBA. DTOT METOJ, [0 CYIIECTBY COBIIAJIAET C IIPOEK-
IIMOHHBIM MeTojloM Hambosiee KpyToro pebpa (cum. moppasi. 3.3). Ero ejaun-
CTBEHHOE OTJIMYHE COCTOUT B TOM, UTO JIJIS IIEPECUETa MACIITAOUPYIONINX Be-
JIAYIRH (3.27)%* Xappuc ucromb3yer npubIHKEHHYI0 (hOPMYIy, KOTOPYIO
MOKHO TTOJTy9IuTh 13 popmynl (3.29), ecin 0OTOPOCATH MOCIIEHEE CIATAEMOE:

2

— ‘Spj

ks ( Vg (3.33)
€pq

B manHoM citydae Tpebyercs JIMIIBb OJHA Ollepaliisi 0OpaTHOro Ipeobpaso-

Banusi (BTRAN) Ha KaxK/10if uTepanuy CUMILIEKC-METO/IA JJI BBIYUCJICHNUST

3JIEMEHTOB BeJyIeil CTPOKN CHMILIEKC-Tad/uIpbl &, = (fpj),% [IO9TOMY HC-

*'B craTbe [8] BMecTO BesMuUMH 7y; HCHIONB3yIOTCA camn HOpMbL Tj = \/4; = Az,
KoTopble Xappuc HasblBaeT «tread» (aHIVI. — IIMpHUHA XOMA).

2531 cTPOKA TAKIKE UCTIOTB3YETCS /ISl ePeceTa OTHOCUTETBHBIX OIEHOK HeGA3UCHBIX
nepeMeHHBIX (cM. moapasz. 2.3).
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[IOJIb30BAHNE METOHa OLEHUBaHUA Devex I03BOJIIeT COKOHOMUTL OIHY OIle-
paruio BTRAN Ha Kazk10il uTepaluu 110 CpaBHEHUIO ¢ METOJaMKU HauboJiee
KpyToro pebpa.

Jomycrum, arto p-s1 (Begymiast) cTpoka &, = (&p;) U ¢-it (Bemymmmit) cros-
Ger =, = (&) TekymIeil cuMILIeKC-Tab/nIbL y2Ke Beraucaensl. Torga mpakru-
yecKas CXeMa Ilepecuera BeJMYHH 7y, JIJI CMEXKHOro 6a3nca B COOTBETCTBUH
¢ MeTosioM oreHuBanus Devex MoxeT 6bITh ciaeayommeii. (31ech canraercs,
YTO STAJOHHOE HOAIPOCTPAHCTBO V IIEPEMEHHBLIX OIPEIEICHO MOCPEICTBOM
Bestrand 1); (3.17) 1 6; (3.18) TouHO Tak Ke, KaK U B CJIydae IPOEKI[MOHHOIO
MeTosia HanboJiee KpyToro pebpa.)

1. BerancanTs TOYHOE 3HAYEHME BEJMYUHBI 7Y, JJIS TeKyInero 6asmca:

Vg = 5‘1 + Zf?qv

i€ER

rne R={i:n; =1} = {i: (zB); € V} — MHOXKecTBO UH/IeKCOB GA3UCHBIX I1€-
PEMEHHBIX, IIPUHAJJICZKAIINX STAJTOHHOMY MTOANPOCTPAHCTBY. (3aMeTnM, 4To
B cooTBeTCTBHU C GopmyJIoit (3.33) BEIMYUHBI Y; MOHOTOHHO BO3PACTAIOT.
[TosToMy eci BBIMUC/IEHHOE TOYHOE 3HAUCHHE Y 3HAYUTETLHO OTJINYaeTCs
OT €ro TEeKYIIEro Mpub/IMKEHHOTO 3HAYCHUS, CJIEJYeT MEPEOIPEETUTh ITa-
JIOHHOE ITOZIIPOCTPAHCTBO. )

2. Berunemrs Bemaunel 5, j = 1,...,q—1,q+1,...,n—m nna cmex-
HOTrO Oasuca:

Vi =t (5pj/qu)27q-

3. BpruucauTh Beslmauny g JJis CMEXKHOro Dasuca:

Tq:fYQ/é.;Q)q .

Bai6op HebGasucHOIT mepeMeHHOM (X )q BBIIOIHSETCS 1O mpasmiy (3.32)
AHAJIOTMYHO TOMY, KaK 3TO JeJIACTCs IIPU UCIOJIb30BAHNN IIPOEKINOHHOTO Me-
Tozta HanboJsiee KpyTor